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Abstract

®

CrossMark

We present a scheme to significantly enhance multipartite entanglement with an atom-assisted
single-cavity optomechanical system. By embedding an ensemble of A-type three-level atoms
into the cavity, the stationary tripartite entanglement among two longitudinal cavity modes and a
mirror oscillation mode can be greatly enhanced due to quantum coherence induced between the
two lower atomic states when one (another) cavity mode is driven at the red (blue) mechanical
sideband, and both cavity modes are blue-detuned by the mechanical frequency to the respective
atomic resonant transitions; moreover, strong light-light—atom—mirror quadripartite
entanglement can also be obtained. The present hybrid system can serve as a promising platform
for realizing various quantum protocols, and may find potential applications in quantum

information processing and quantum networks.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Multipartite entanglement plays an essential role in quantum
computation, quantum communication, and quantum net-
works [1-3]. How to conveniently and efficiently realize the
generation, distribution, storage, retrieval, and manipulation
of quantum entanglement is the basic requirement for
quantum networks and quantum information processing. The
traditionally-employed way for producing multiple entangled
light fields is to use polarizing beam splitters to mix the
generated squeezed fields through parametric down-conver-
sion processes in nonlinear optical crystals [4]; however, the
created entangled fields are normally degenerate, have large
bandwidth, and suffer from short correlation time. As is well
known, a realistic quantum information network would be
composed of many quantum nodes and channels, where
multiple entangled fields with narrow bandwidth and different
frequencies are required to connect different physical systems
at the nodes of quantum networks. The atomic system [5-10]
or cavity optomechanical system [11-32] interacting with
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light fields provides a promising and potential quantum
interface for realizing various quantum information protocols,
where light fields act as the long-distance quantum informa-
tion carriers, and the atomic ensemble or vibrating mirror
provides an attractive medium for storage and manipulation
of quantum information. Comparing with the atomic system
which relies on particular frequencies corresponding to
naturally existing resonances, the optomechanical system can,
in principle, couple to light fields with any frequency, thereby
providing a convenient and efficient way for producing
entangled fields with any desired wavelengths; in addition,
the optomechanical system can also be used to explore
quantum features at the mesoscopic or even macroscopic
scale [12, 32].

Recently, the combination of the atomic system and
cavity optomechanical system has been extensively examined
to generate atom-—mirror-light multipartite entanglement
[14—-17]. Genes [14] investigated the tripartite entanglement
among the atoms, cavity field, and moving mirror with a
cavity optomechanical system filled with a two-level atomic

© 2018 IOP Publishing Ltd  Printed in the UK
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medium, where the cavity field is resonant with the anti-
Stokes sideband of the input laser field, and a significant
atom-light-mirror entanglement is obtained. Ian [15] has
shown that the atoms can effectively enhance the radiation
pressure of the cavity field on the vibrating mirror generating
an atom-light-mirror tripartite entanglement in an opto-
mechanical cavity containing a two-level atomic ensemble.
Hammerer [16] proposed a scheme for the creation of a robust
Einstein—Podolsky—Rosen-type of entanglement between the
nanomechanical resonator and atomic ensembles mediated by
a laser field. Zhou [17] studied the atomic-coherence-induced
entanglement between the two-mode fields, as well as two
optomechanical oscillators with the ladder-type three-level
atoms embedded in an optomechanical cavity.

Here, by using the atom-assisted single-cavity optomecha-
nical system, we show that the light-mirror-light tripartite
entanglement can be dramatically enhanced due to quantum
coherence induced between the lower doublet of the A-type
three-level atoms in contrast to the case without atoms in the
cavity when the first (second) input laser field is tuned to the red
(blue) sideband of the mechanical oscillator; moreover, strong
quadripartite entanglement among the two cavity fields, vibrating
mirror, and atoms can be established. Note that the present
scheme for generating multipartite entanglement is quite distinct
as compared to that in [14, 17]. In [14], the entanglement among
the short-lived electronically excited states of an atomic ensemble
and a nanomechanical system was investigated, and it is shown
that entanglement sharing would exist among the subsystems,
whereas here we employ the A-type three-level atomic system
and study the entanglement among the long-lived lower doublet
of the atoms, two cavity fields, and vibrating mirror, which is
vital for the quantum repeater application. In [17], the authors
employed a dual-cavity optomechanical system to entangle two
cavity fields as well as two optomechanical oscillators via atomic
coherence by injecting the ladder-type three-level atoms into the
cavity, where the bipartite entanglement between the two sepa-
rated movable mirrors results from the transfer of entanglement
between the two cavity fields, which can not be produced
through the pure optomechanical interaction (without atoms).
Instead, here we show that by using the atom-assisted single-
cavity optomechanical system, dramatic enhancement of the
stationary tripartite entanglement among two cavity fields and a
movable mirror can be obtained due to quantum coherence
between the lower doublet of the A-type three-level atoms, where
both the optomechanical interaction and atom-field coupling have
contributions to the multipartite entanglement generation; more-
over, as the two cavity fields are significantly entangled by their
common interaction with the mechanical resonator as well as the
atoms, strong light-light—atom—mirror quadripartite entanglement
can also be obtained.

2. Theoretical model and Heisenberg—Langevin
equations

The considered hybrid system, as shown in figure 1(a), con-
sists of an ensemble of N atoms (e.g. 85Rb) confined inside an
optical Fabry—Perot cavity with one partially transmitting

fixed mirror and another perfectly reflecting vibrating mirror
with oscillation frequency w,, and mechanical damping rate
7, The atom-assisted cavity optomechanical system is driven
by two input laser fields with frequencies w;; and w;, cou-
pling two neighboring longitudinal cavity modes with fre-
quencies wj,; and w,,, and the two cavity fields simultaneously
couple the atomic electric dipole transitions |1)-|3) and
|2)-|3), respectively. The relevant energy level scheme of the
A-type three-level atoms and the corresponding two input
driving and cavity fields are displayed in figure 1(b). In this
case, the total Hamiltonian of the hybrid system can be
written as [11, 15-17]

H = hwaaitay + hwgas ar + hw,(p? + ¢%)
+ iﬁnl(aﬁe*iw"‘t _ aleiw‘“’) + iﬁnz(a;e#wmt _ azeiw’l’)

— hgiartaiq — hg,artarq + hwioi + hwaoxn
+ hwsozz + (ﬁg13 \/Na1+013 —+ ﬁg23\/ﬁa2+023 + H.c.),
(D

where a; (¢") and a, (a;") are the annihilation (creation)
operators of the two cavity field modes 1 and 2 with decay
rates x; and s, respectively; g and p are the dimensionless
position and momentum operators of the vibrating mirror;
8.2 = Wala2 i/mw,, /L is the optomechanical coupling
coefficient of the radiation pressure with L being the cavity
length, and m the effective mass of the mechanical oscil-
lator; the two terms involving 7, and 7, describe the inter-
actions of the input driving laser fields with the two cavity
modes and 1), ,, is related to the input field power P,y with

M = «2Pi@k/hwriea) (here we assume k) = ky = K for

simplicity); oy, = o')a=b,a,b=1,2,3)and

1 N
\/ﬁzizl
Oua = Zf\’:lag’z are the collective operators of the atomic
ensemble, /33 = fij323) " Ei(2)/F 1s the atom-field cou-

pling constant with 13,3 being the dipole moment for the

1-3 (2-3) transition and gy = /w2y /260V as the

electric field of the cavity field photon with V being the
cavity mode volume. We denote the frequency detunings of
the two cavity fields 1 and 2 with respect to the corresp-
onding input laser fields (the atomic 1-3 and 2-3 transitions)
as Acp = wy — wyy and Ay = wpp — wz (A = wey — wiy
and A, = w,y — wsp), respectively. By transforming the
cavity field 1 (2) and the atomic operator oj3 (0»3) to a
rotating frame at the input field frequency wy; (wi2), the
Heisenberg—Langevin equations of the hybrid system can
be rewritten as

4 = Wnp, 2a)
P = —Wmqg — YmP + g1a1+al + g2a2+a2 + ¢, (2b)
a1 = —(k1 + iAa)ar + igiaig + 0, — ig;3VNois
+ 2k1a]", (2¢)
dr = —(Ka + iAn)ar + igyarq + 1, — igy3 N o
+ 2kyad", (2d)
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(b)

Figure 1. (a) The atom-assisted cavity optomechanical system with N atoms and a movable mirror (MM) driven by two input laser fields with
frequencies wy; and wy,, where a@; and a, represent the two longitudinal cavity field modes with frequencies w,; and w,,, respectively. (b) The
relevant energy level scheme of the A-type three-level atoms and the corresponding two input driving and cavity fields.

g2(t) = —[vi2 + i(Act — A+ Ay — Ap)lon

+ ig3a1050 — 805 013 + Fi, (2e)
qi3() = =z + i(Aq — A)lois
— igizai(o1 — 033) /NN — igyya2012 + Fis, 2f)
o3(t) = —[v3 + (A — Ar)]ons
— igy3a2(02n — 033) /NN — igi3a1001 + Fas, (29)

where a]if'z(t) and £(r) are the optical and mechanical noise
operators with the relevant nonzero correlation functions
(as () as" (1)) = 6@ — 1) and (E(MEE) + £EHEW) /2 =
Y, + D6(t — ') in the limit of large mechanical
quality factor (e, O, = wy/v, >1 [18]), where 7 =
1/(exp(hw,,/kgT) — 1) is the mean thermal phonon number
with kg being the Boltzmann constant and 7' the mirror temp-
€rature, ;3 = Y3 = 1% with 7, and -y, being the population
decay rates from level 3 to levels 1 and 2, respectively, ,, is the
coherence decay rate between levels 1 and 2, and F;(t) are the
collective atomic -correlated Langevin noise operators. As done
in [8], we assume that the atoms are initially prepared in a
coherent state in the A-type electromagnetically induced trans-
parency (EIT) configuration resonantly driven by another two
strong coherent pump and probe fields with Rabi frequencies €2,
and €2, (€2 > €)) far larger than g13\/ﬁoz1 and g23\/ﬁa2 (v
and o, being the steady-state mean values of the cavity fields 1
and 2), respectively, so the two cavity fields have negligible
influence on the atomic coherence and population. Under
these conditions, the collective atomic spin coherence oy;
can be viewed as approximately satisfying the bosonic commu-
tation relation [o», 012] = (Zi|2>,-i<2| — Zi|1>,»i<1|)/N ~ 1,
therefore, the produced atomic spin coherence 0»; can be treated
as a bosonic field. We use the similar perturbation analysis as that
in [8, 17] to treat the interaction of the atoms with the two cavity
fields. In the zeroth-order perturbation expansion, by semi-
classically treating the interaction of the atoms with the strong
coupling and probe fields in the A-type EIT configuration, one
can get the steady-state mean values of the atomic operators aﬂ),

oD, oR, 019, 019, and ¢ [8]. By substituting the zeroth-order
solution of the atomic operators into equations (2¢)—(2g), the
first-order solution o{), &%, and &%) can be obtained. We
assume that 7, 7, >> K, 7, 7, S0 the atomic operators o} and
o8 can be adiabatically eliminated. Substituting 0%} and &%
into equations (2¢) and (2d), respectively, one can get the evol-
ution equations of the operators a; and a,. By writing
each Heisenberg operator as the sum of its steady-state
mean value and a small fluctuation operator with zero-mean
value, and defining the cavity field quadratures 06X, =
(bar» + ai',) /N2 and 8Y,» = (8ar, — ba,) /N2 with the
corresponding Hermitian input noise operators X{',”2 =
@™ + a5 /N2 and Y = (ay — as") /N2i, as well
as the atomic quadratures &X, = (§a15 + 60)) /2
and 68Y; = (60 — 60\}))//2i with the corresponding
Hermitian noise operators X = (Fy; + Fj,)/+/2 and Y™ =
(Fo; — Fp) /21, respectively, we can obtain the quantum
Langevin equations for the fluctuation operators as follows:

8G = wnép, (3a)
& = —wnbq — Ymp + V2 g 16X
+ V28 06% + &, (3b)

8% = —r16Xi + (Ac1l — 8,9,) 0% + Reky 16X
— Imk;;8Y; + Re k26X — Imkp2 8% + 2k16X",  (3¢)

6% = —k16Y, — (At — 66X + V2g,mbq
+ Rek16Y; + Imk;16X; + Re k26, + Imkpp 60X,

+ 2K (SYM,
5X2 = —H26X2 + (Acz — gzqs)(SYz + Rek225X2
—Imk 6% + Reky 16X — Imkai8Y; + 2k2 6X5,  (3e)

(3d)

Y = —ka6% — (A2 — £4,)6% + V28,0069
+Re k65 + Imkyy 6Xo + Reky16Y; + Imky16X;

2 Y, 3f)
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6Xy = —7120Xs — (Aet — A+ Ay — An) Y,
+Re ki 6X; — Imk 61 + Rek, 68X, + Imk, 61,

+272X", (3g)
&Y, = —128Y, + (At — A+ Ay — Ap)6X, — Re k8,
7Imk16X1 + Rek26Y2 — Imk26X2 + «/2’)/12 Y;n

(3h)

. _ —Ngis O _ 4O

In the above equations, kj; = 7]3“(%7&)(0” 03),

~Ngi38301) ~Negs 0 _ 50

ki = — &% g Ne _ o ko =
12 Tt iD= A’ 2T ot iBa - My (o2 755) 2

—Ng»8& o . . 0

——B__ = —i[Ng30y, and ky = fh/NgBJ(B).

Y3+ i(A = Ay)’
Using the similar treatment as in [17] by linearization approx-
imation, calculating equations (2e)—(2g) to the first order in g,
and g,; and combining with equations (2a)~(2d), we can get

2 i U5
o= i+ AL’ o) = n§+(Ag,f2+ 264)?°
with A,y = A — gq, being the effective detuning of the
cavity field 1 with respect to the input laser field 1, where we
assume that o/ = 1/, Ay, = —A,, and choose the
phase reference of the driving fields so that oy and a, are real
and positive. The linearized quantum Langevin equations
equations (3a)—(3h) for the fluctuation operators can be written in

the following compact form:
u(t) = Au(r) + n(1), “

where u” (1) = (8q(2), p(2), 6Xi(t), 8Yi (), X (1), SV (1), 6X,(2),
O0Y;(t))is the column vector of the fluctuations,
(1) = (0, £, \2m 6X" (1), V2 6Y{" (1), 282 6X3" (1),
V2R 8YE (1), \[27,,6X" (1), 27, 6Y"(t)) is the column
vector of the noises, and the drift matrix A can be easily obtained
from the coefficients of equations (3a)—(3/). We investigate the
steady-state entanglement of the hybrid system formed by the
two cavity fields, vibrating cavity mirror, and atoms. The
system is stable and reaches its steady state when all of the
eigenvalues of drift matrix A have negative real parts. It
is difficult to obtain the analytic solution of the the eigenvalues of
drift matrix A, so we resort to numerical method to ensure
the stability conditions. When the system is in the steady
state, the covariance matrix of the quantum fluctuations Vj; =
((u; (00)uj(00) + u;j(co)u;(00))) /2, which characterizes the
quantum corrections of any bipartite subsystems, satisfies
the Lyapunov equation AV + VAT = —D [33], where
D = Diag(0, 7,27 + 1), K1, K1, K2, K2, V2 Vo) 18 the noise
correlation matrix. We can quantify the entanglement of any
bipartite subsystems by using the logarithmic negativity Ey,
which can be defined as Ey = max[0, — In 27~] [34], where
7~ is the lowest symplectic eigenvalue of the partially transposed
covariance matrix associated with the selected bipartition.
Ey > 0 means the generation of genuine entanglement, and the
larger value of the logarithmic negativity Ey, the stronger
entanglement can be obtained. We denote the logarithmic
negativities for the mirror-atom, atom-field 1 (2), mirror-field 1
(2), and field 1-field 2 as Ep“, ES'®, EM'® and EJV?,
respectively. In the following, we consider the parameters of the
hybrid system analogous to those of the experimental set-up of
[35], which have also been used in the theoretical paper

and q; = 8 (al2 + a%) /wm

[17]. According to [16, 35], the relevant parameters are set
as L =0.025m, T=200pK, w,=2r x 10'Hz, ~, =
27 x 140Hz, k = 27 x 2.15 x 10°Hz, A = 780 nm, m =
145 x 1072 kg, P = 60 mW, A,j = —Ap, A = Ay = w,,
and N = 1 x 10% whereas in [17], the oscillation frequency is
set to be the largest value available in [35].

3. Results and discussions

Figure 2(a) shows the behavior of entanglement among the
two cavity fields, vibrating mirror, and atoms tested by
logarithmic negativity Ey as a function of the normalized
effective detuning A /w,,. It is clear that, Ey“ has nonzero
positive values in a limited range of detuning around
A.y = w,, with a peak value of about 0.174, which means
that bipartite entanglement between the vibrating mirror and
atoms can be generated although there is no direct coupling
between them; the bipartite entanglement between the cavity
field 1 and atoms or mirror can exist in a relatively large range
of detuning around A, = w,, with peak values of being

about 0.182 (note that EY' and Ej' nearly have the same
behavior in the region of chosen parameters, so in order to see
clearly, we set the data of E](,”f "'to be enlarged by 1.1 times as
denoted by the arrows and annotations in the figures 2(a) and
(A), and the other arrows and annotations have the similar
features). However, E]{,clf 2, EI(,"f 2 and E]‘\’;f % have very large
nonzero positive values in a wide range of the detuning A
and exhibit robustness to the variation of the effective
detuning A4 (though they gradually decrease with increasing
A.y), which demonstrates that high degree of bipartite
entanglement between the two cavity fields as well as
between the cavity field 2 and mirror (or atoms) are generated.
Clearly, as seen in figure 2(a), in the limited detuning range
around Ay = wy,, EYY, E;f,fl(z), Eﬁﬂ(z), and El{,qf2 are all
larger than zero, which indicates that the two cavity fields,
vibrating cavity mirror, and atoms are genuinely entangled
with each other. For comparison, we show in figure 2(b) the
optomechanical entanglement among the two cavity fields
and vibrating mirror in the absence of atoms in the cavity and
in figure 2(c) the tripartite entanglement among the two cavity
fields and atoms with two fixed cavity mirrors. It can be seen
from figure 2(b) that E,’\’;fz, E,{,qf 2 and E,(,"f ! all have nonzero
positive values in a narrow range of detuning around
A = wy, with peak values of about 2.4 x 1073,1.9 x 1074,
and 4.2 x 107>, respectively, where the relative strong
bipartite entanglement between the cavity field 2 and mirror
results from their parametric-type interaction. Note that the
similar scheme with a mechanical resonator interacting
simultaneously with two cavity fields has been examined for
generating tripartite entanglement in [19, 25] with one
(another) cavity mode driven at the red (blue) mechanical
sideband, and we use the same parameters as those in [19] to
investigate the degree of entanglement among the two cavity
fields and mirror and find that nearly the same order of the
logarithmic negativity Ey as that in [19] can be obtained,
which is much larger than that in figure 2(b) due to the far
larger cooperativity C in [19]. Note also that in figure 2(b) the
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Figure 2. (a) Logarithmic negativity Ej, EJ'®, Ex'®, and E{"? versus the normalized effective detuning Ay /wy with N =1 x 10%
(b) Logarithmic negativity E,(,"f ! E,(,"f 2 and E,{lf 2 versus the normalized effective detuning A /wy, without atoms in the cavity. (c)

Logarithmic negativity EY", Elf,f 2, and E,{;V 2 versus the normalized effective detuning A f /wy, With two fixed cavity mirrors. For
comparison, (A)—(C) are the same as (a)—(c) but for a different ensemble number N = 30.

tripartite entanglement only exists in a narrow range of
detuning around A, = w,, as compared to that in [19],
which is due to the fact that in our case, the detuning of the
cavity field 2 with respect to the input laser field 2 is simul-
taneously varied with the detuning of the cavity field 1 with
respect to the input laser field 1 while keeping A, = — A,
whereas in [19, 25], only one detuning is varied while anther
one is fixed at around w,. In addition, as displayed in
figure 2(c), there is no apparent variation of the degree of the
tripartite entanglement among the two cavity fields and atoms
as compared to that in figure 2(a). This is due to the fact that,
in the present scheme, the two cavity fields are significantly
entangled by their common interaction with the mechanical
resonator as well as the atoms; however, as the bipartite
entanglement between the two cavity fields resulting from the
interaction with the atoms is much stronger than that from the
interaction with the mirror (see figures 2(b) and (c)), dramatic
enhancement of the tripartite entanglement among the two
cavity fields and mirror with the presence of the atoms in the
cavity can be realized as compared to that without atoms,
whereas nearly no apparent variation of the tripartite entan-
glement among the two cavity fields and atoms can be
observed.

In order to see clearly the effect of the movable mirror
(atoms) on the atom-cavity (cavity-mirror) entanglement,
we show in figures 2(A)—(C) the behavior of multipartite
entanglement versus the normalized effective detuning
Aoy /w, with a different ensemble number (N = 30) as
compared to that in figures 2(a)—(c). Obviously, as shown
in figures 2(A)-(C), when the ensemble number N is
decreased, i.e., the atom-field coupling strength is reduced,

the overall multipartite entanglement would be weakened
as compared to figures 2(a)—(c), and nearly no atom—mirror
bipartite entanglement can be generated. Comparing
figure 2(A) with figure 2(B), it can be seen that significant
enhancement of the tripartite entanglement among the two
cavity fields and mirror can be also obtained with the
presence of the atoms; as compared to figure 2(a), the
contribution to the enhancement of the bipartite entangle-
ment between the cavity field 2 (field 1) and mirror from
the optomechanical interaction becomes more apparent in
figure 2(A), as evidenced by the two additional narrow
peaks around A = w,,. Moreover, comparing figures 2(A)
with 2(C), it is found that there is a slight decrease of the
degree of the tripartite entanglement among the two cavity
fields and atoms with a movable mirror, and detailed cal-
culations show that the less the ensemble number is, the
more apparent the decrease of the degree of the tripartite
entanglement becomes in figure 2(A) with respect to that in
figure 2(C).

Figure 3 displays the entanglement among the two cavity
fields, the oscillating mirror, and the atoms with respect to the
environmental temperature 7 and the quality factor (Q,,) of
the vibrating mirror mode, where in order to maintain the
same level of sideband resolution, we assume the quality
factor (Q) of the cavity simultaneously varies with the var-
iation of Q,, with Q = 2.5 x 10*Q,,. As seen from the 3D
plots of the behavior of logarithmic negativity Ey, all of Ey“,
EJ'® M@ and E{Y? would increase with the increase of
the quality factors of the cavity and vibrating mirror mode
within the region of the chosen parameters, that is, the
quadripartite entanglement among the two cavity fields,



J. Phys. B: At. Mol. Opt. Phys. 51 (2018) 205501

X Yang et al

150

e

Q 0.5

0.5
G %706

2 T0s 0

af1 af2
EY Ey

3.0 3.0

300 ” 300

'io@ 0.5

0 7 TQs 0

15‘z®

Figure 3. The 3D plots of the behavior of logarithmic negativity Ey“, E;‘,f 1@, E](,”f 1@ and E,{;lf 2 with respect to the environmental temperature
T and the quality factor Q,, of the vibrating mirror, where we set A.,; = —A, = w, and Q = 2.5 x 10*Q,,, and the other parameters are the

same as those in figure 2(a).

mirror, and atoms would be strengthened by increasing the
two quality factors Q,, and Q. The bipartite entanglement
between the atoms and the mirror would only exist at rela-
tively low environmental temperature and decrease quickly
with the increase of the temperature; though the bipartite
entanglement between the cavity field 1 and the atoms would
be weakened dramatically with the increase of the temper-
ature, it still persists for the temperature above tens of Kelvin
with experimentally accessible high-Q mechanical resonator
and optical cavity; however, the bipartite entanglements
between the two cavity fields, between the cavity field 2 and
atoms (or mirror), as well as between the cavity field 1 and
mirror exhibit strong robustness to the environmental temp-
erature, and even at room or higher temperature, high degree
of entanglement can still be obtained. Clearly, the present
hybrid system provides a convenient and efficient quantum
interface for quantum information processing.

It is well known that the atomic number N and dephasing
rate ,, of the atomic lower doublet play a key role in the
generation of entanglement in the A-type atomic system
[5-10]. In figure 4, we present the dependence of the entan-
glement among the two cavity fields, oscillating mirror, and
atoms on the atomic number N and the dephasing rate +,,. It
can be seen that all of Ey, E/'®, EWI® and EJY? will
increase with the increase of the atomic number in the
interaction volume within the chosen parameter regime, that
is, the degree of the quadripartite entanglement would be
enhanced by increasing the atomic number in the cavity. In
addition, all of the bipartite entanglements exhibit robustness
to the variation of the dephasing rate vy, in the chosen para-
meter range, which is quite distinct as compared to the

bipartite entanglements between the two laser fields as well as
between the laser fields and atoms in the free space [8], where
the degree of the bipartite entanglements would be dramati-
cally weakened with the increase of the coherence decay rate
", Note that when the dephasing rate -y, becomes relatively
large and comparable to or larger than the decay rate 7, (,) of
the excited state, the approximation of the adiabatic elim-
ination of 03 »3 and the neglect of the depletions of the pump
and probe fields would break down, and the multipartite
entanglement would be weakened.

To get a physical insight into the enhancement of the
tripartite entanglement among the two cavity fields and
mechanical oscillator as well as the strong light-light—atom—
mirror quadripartite entanglement in the above experimental
accessible parameter regime, it is instructive to consider the
interaction between the two cavity fields, cavity mirror, and
atoms. In the case without atoms in the cavity, when the
cavity field 1 (2) is driven at the red (blue) mechanical
sideband, the radiation pressure of the input laser beams,
impinging on the mechanical oscillator, produces opto-
mechanical coupling between the vibrational mode and two
cavity fields, and subsequently results in the tripartite entan-
glement among the two cavity fields and the mirror. As
analyzed in [11, 22, 23], the tripartite entanglement is realized
in two steps: the parametric-type interaction of the cavity
mode 2 with the mirror oscillation mode produces the
bipartite entanglement between the cavity field 2 and mirror,
and the beam-splitter-type interaction between the cavity field
1 and mirror maps the state of the entangled phonons in the
mechanical oscillator onto photons in cavity field 1, thereby
generating tripartite entanglement among the two cavity
modes and mirror oscillation mode. In fact, the cavity field
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Figure 4. The 3D plots of the behavior of logarithmic negativity Ey, Ef,f 1), EZ(,"f '@ and chlf 2 with respect to the atomic ensemble number
N and the coherence decay rate -y, of the atomic lower doublet, where we set A, = —A, = w),, and the other parameters are the same as

those in figure 2(a).

modes 1 and 2, corresponding to the anti-Stokes and Stokes
modes of the input fields 1 and 2, respectively, can be
equivalently regarded as the result of frequency up-(or down-)
conversion process through scattering the input laser fields 1
and 2 off the mechanical oscillator [24], which acts as a
frequency converter with frequency equal to its oscillation
frequency; since every Stokes (anti-Stokes) photon generation
is always accompanied by emitting (absorbing) one mirror
oscillation phonon, the cavity field 1 is quantum anti-corre-
lated with the cavity field 2 as well as the mechanical oscil-
lator. Note that the similar tripartite entanglement has been
observed with a mechanical resonator interacting simulta-
neously with two cavity fields in [19, 25]. In the case that the
atoms are added into the cavity, if the atoms are prepared in
the coherent superposition of the lower doublet and the two-
photon resonance condition is satisfied, since every photon
generation of the cavity field 1 is always accompanied by
annihilation of a photon of the cavity field 2 and an atomic
coherence excitation, strong tripartite entanglement among
the two cavity fields and the atoms can be achieved (see
figure 2), where the cavity field 1 is quantum anti-correlated
with the cavity field 2 as well as the atoms, which has the
similar feature as the pump-signal-idler three-color entangle-
ment produced by using an optical parametric oscillator
[36, 37]. Similar strong tripartite entanglement among two
laser fields and atoms has been studied in free space [8, 10].
Therefore, when the atoms prepared in the coherent super-
position of the lower doublet are added into the cavity,
stronger bipartite entanglement between the two cavity fields
can be established as compared to that without atoms, which
would result in the enhancement of the bipartite entanglement

between the two cavity fields and mechanical oscillator due to
the common optomechanical coupling of the two cavity fields
to the mirror, and subsequent strong light-light—-atom—mirror
quadripartite entanglement, as shown in figure 2.

The enhancement of the tripartite entanglement among the
mechanical oscillator and the two cavity fields can also be seen
clearly from equations (2a)—(2g). When the atoms are added into
the cavity, as seen from equations (2¢)—(2d) and equations (2f)—
(2g), if there is no quantum coherence between the atomic lower
doublet, the existence of the atoms only has influence on the
effective detunings and the decay rates of the two cavity fields;
however, if the atoms are prepared in the coherent superposition
of the lower doublet, except the common optomechanical cou-
pling to the mirror oscillation mode due to radiation pressure, the
two cavity field modes are further coupled with each other due to
quantum coherence between the atomic lower doublet, that is, the
quantum coherence between the atomic lower doublet can
effectively enhance the coupling between the two cavity fields,
which results in dramatic enhancement of the bipartite entan-
glement between the two cavity fields as compared to the case
without atoms (note that the enhancement of entanglement with
increasing coupling strength in a moderate range under the sta-
bility conditions in an optomechanical or atom-assisted opto-
mechanical system has also been extensively studied [15,
25-27]). Subsequently, the enhancement of the bipartite entan-
glement between the two cavity fields would lead to the
enhancement of the bipartite entanglement between the
mechanical oscillator and cavity field 1 as well as cavity field 2
due to the common optomechanical interaction of the two cavity
fields with the mirror. Also, as seen from equation (2e), the
atomic operator o»; is a linear combination of the two cavity
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operators @; and a,, which implies that the atoms get entangled
with two cavity fields as well, thereby leading to the strong light—
light-atom—mirror quadripartite entanglement. Moreover, as
displayed in figure 4, dramatic enhancement of the multipartite
entanglement can be achieved with increasing the atomic number
N in a moderate range. Since the coupling strength between the
atoms and the two cavity fields is proportional to the square root
of atomic number, it clearly indicates that enhancing the coupling
strength between the atoms and the two cavity fields can result in
enhancing the bipartite entanglement between the two cavity
fields, and subsequent multipartite entanglement.

4, Conclusion

In conclusion, we have presented a proposal to greatly
enhance the tripartite entanglement among two-photon modes
and the macroscopic oscillator via quantum coherence with an
atom-assisted single-cavity optomechanical system. More-
over, strong quadripartite entanglement among the two cavity
modes and the mirror oscillation mode as well as the atoms
can be obtained due to the common coupling of the two
cavity fields to both the mirror and atoms. The present atom-
assisted optomechanical system represents an alternative
useful tool for the realization of quantum interface, able to
perform quantum state exchange between light and light, light
and matter, as well as one matter and another matter, which
may find potential applications in realistic quantum infor-
mation processing and quantum networks.
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