
PHYSICAL REVIEW APPLIED 13, 034030 (2020)

Entangling Two Macroscopic Mechanical Resonators at High Temperature

Qing Lin ,1 Bing He ,2,* and Min Xiao3

1
Fujian Key Laboratory of Light Propagation and Transformation, College of Information Science and

Engineering, Huaqiao University, Xiamen 361021, China
2
Center for Quantum Optics and Quantum Information, Universidad Mayor, Camino La Pirámide 5750,

Huechuraba, Chile
3
Department of Physics, University of Arkansas, Fayetteville, Arkansas 72701, USA

 (Received 24 September 2019; revised manuscript received 12 February 2020; accepted 28 February 2020;
published 11 March 2020)

At high temperature, thermal decoherence dominates so that the entanglement of quantum states is
difficult to preserve. Realizing high-temperature entanglement is, therefore, a challenge to the current
quantum technologies. Here, we demonstrate that considerable degrees of continuous-variable entangle-
ment between two macroscopic objects placed in an environment of high temperature can be created
through the medium of properly prepared light fields coupled to them. There are two steps to make such
entanglement. First, by pumping an optical cavity field pressuring on a mechanical resonator as a macro-
scopic object with a blue-detuned drive field, the competition between the induced squeezing effect due to
the blue-detuned drive and the existing thermal decoherence leads to a stable entanglement between the
cavity field and mechanical resonator. A condition for realizing field-resonator entanglement is determined
at any temperature and for any given optomechanical system. The second step is to entangle two distant
mechanical resonators through a procedure of entanglement swapping. A detailed example of illustrating
this entanglement swapping shows that a considerable degree of entanglement between the two mechan-
ical resonators can be created. The current study proposes a route toward high-temperature entanglement
in a realistic physical system.
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I. INTRODUCTION

A majority of realistic quantum systems are open ones
coupled to their environments. The influence from the
environment, which is generally termed as the “reservoir,”
exhibits the overall effect known as decoherence [1–3],
leading to the phenomena such as entanglement sudden
death (ESD) [4,5], i.e., the entanglement of a quantum
system is killed by the environmental decoherence after
a finite period of time. In particular, the decoherence from
thermal environment is significant to quantum systems, so
that most of the quantum-information processing systems
should operate at ultra-low temperature [6–12], except for
a few purely optical ones (see, e.g., [13–16]). Possibly
preserving quantum entanglement at high temperature is
especially important to practical applications as well as to
fundamental researches.

A cavity optomechanical system (OMS) is a type of
few-body system that is used as a platform to realize the
macroscopic quantum states with various potential appli-
cations [17–19]. Entanglement of the nanomechanical res-
onator to the cavity field has been a phenomenon attracting
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wide interest since a decade ago (see, e.g., [20–29]). But
the generation of such entanglement is a nontrivial task.
A reported experimental realization of optomechanical
entanglement [30] follows the scenario of pulsed optome-
chanics [31–34]. That is to apply a red-detuned pulse first
to cool the mechanical resonator down to ground state, and
then entangle the mechanical resonator with another blue-
detuned pulse. The obtained entanglement is verified with
one more red-detuned pulse, which swaps the optomechan-
ical entanglement to the entanglement between two pulsed
fields. The whole entanglement generation and verification
procedure was performed at a low temperature T < 20 mK.
How to overcome the low-temperature restriction and
make optomechanical entanglement at higher temperature
is significantly meaningful to the relevant experimental
researches. Moreover, it is even more interesting to gener-
ate the entanglement between two mechanical resonators,
which can be preserved for a long period of time.

In an OMS, the mechanical resonator with its frequency
ωm and damping rate γm undergoes a significant thermal
decoherence at high temperature, as the thermal decoher-
ence rate R(n) = (n + 1)nthγm + n(nth + 1)γm [19,35] for
a Fock-state component |n〉 of the mechanical quantum
state grows linearly with the energy level n and the thermal
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occupation nth = [e�ωm/(kBT) − 1]−1 (� is Planck’s constant
and kB the Boltzmann constant) of the reservoir at the tem-
perature T. To neglect the thermal decoherence over one
period of mechanical oscillation, the mechanical resonator
with the quality factor Q = ωm/γm should meet the relation
Qωm/(2π) > kBT/h [19]. The correspondingly general-
ized condition, Q/nth � 1, should be satisfied for an OMS
to be unaffected from the decoherence of its thermal envi-
ronment (see, e.g., [31,36,37]). Intuitively this condition
should also hold for the existence of any quantum prop-
erty of OMS including the entanglement between cavity
field and mechanical resonator. We, however, prove below
that the condition for the existence of optomechanical
entanglement in thermal environment can be much more
relaxed even possibly to the extent of Q/nth < 1, given a
suitable coupling between the cavity field and mechani-
cal resonator. This relaxed condition makes it possible to
entangle two mechanical resonators.

Besides the studies with some specific systems (see, e.g.,
[34,38–42]), the realization of entanglement at higher tem-
perature has been explored with some abstract systems
of coupled harmonic oscillators [43–45]. These previous
studies [43–45] indicate that such entanglement should be
generated with time-dependent interaction and out of ther-
mal equilibrium with the environment. For any system,
however, entanglement is created by the mutual interaction
between its subsystems. If one simply makes the mutual
interaction stronger (the interaction can be time indepen-
dent too), will it be possible for the entanglement to survive
in an environment of higher temperature? Previously there
had been no quantitative results regarding this conjecture.
In this work, we tackle the problem with the example of
OMS, showing the possibility to offset the decoherence on
entanglement with a proper coupling between cavity field
and mechanical resonator.

An even more interesting problem is how to create the
entanglement between two macroscopic objects located
in an environment of high temperature. Though there
are some experimental evidences [46,47] that quantum
correlations at room temperature do exist, entanglement
between two macroscopic objects at room temperature or
even higher temperature has not been seen experimen-
tally thus far. Based on the field-resonator entanglement or
optomechanical entanglement mentioned above, we show
that the entanglement between two mechanical resonators
can be realized by a method of entanglement swapping
as described in Fig. 1. If the quality factors of the two
mechanical resonators are sufficiently high, such entan-
glement at a high temperature can be preserved for a
considerable period of time.

The rest of the paper is organized as follows. In Sec. II
we provide the detailed theoretical tools for calculat-
ing the optomechanical entanglement generated by blue-
detuned drives, which cannot lead to time-independent
steady states of an OMS. Since the field-resonator or

FIG. 1. Scheme for realizing the entanglement between two
mechanical resonators, which independently vibrate with the dis-
placement xm and ym, respectively. Here each optical cavity cou-
pled to a mechanical resonator is driven by a strong pump field
blue detuned by the frequency ωm of the mechanical resonator.
As indicated inside the eclipse, under the blue-detuned driving
field, the nonlinear optomechanical coupling due to the radiation
pressure can be well approximated with a two-mode squeezing
action of the intensity gmE/ωm. The lower panel synopsizes the
main features in the process. Each mechanical resonator is ini-
tially placed in thermal equilibrium with its environment, which
can be at high temperature. The cavity fields coupled to them are
driven by a blue-detuned external field, respectively, so that there
is no time-independent steady state in the end (due to the induced
squeezing-type coupling). By employing an entanglement swap-
ping procedure, which is realized by measuring the leaked light
out of the cavities, the two mechanical resonators are entangled.

optomechanical entanglement is the foundation for the
whole scheme, we elaborate on its properties in a num-
ber of ensuing sections. In Secs. III and IV, we demon-
strate various properties of optomechanical entanglement.
The condition for such optomechanical or field-resonator
entanglement at high temperature is illustrated in Sec. V,
and the experimental feasibility is discussed in Sec. VI.
Before concluding with more discussions, we demonstrate
with a detailed example in Sec. VII about how the entan-
glement between two resonators is realized by means of
entanglement swapping. In addition, there is one appendix
about the non-Markovian mechanical noise.

II. QUANTUM OPTOMECHANICAL DYNAMICS
UNDER BLUE-DETUNED DRIVE

Most previous theoretical descriptions of weakly cou-
pled quantum OMS are based on a linearization of the
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system’s nonlinear dynamics by a procedure described
as follows (see, e.g., [20–27,31]): (1) shifting the cavity-
field mode â → â + α with respect to its mean-field value
α(t) and the mechanical mode b̂ → b̂ + β with respect to
its average displacement β(t); (2) neglecting the result-
ing nonlinear terms treated as the higher-order terms of
the fluctuations around the mean values α(t) and β(t). In
the linearized Hamiltonian obtained through the procedure,
the effective coupling intensity of the cavity field with the
mechanical resonator becomes gm|α| = gm(np)

1/2, where
gm is the optomechanical coupling intensity at the single-
photon level and np the average cavity photon number.
However, except for the time-independent steady-state
solutions, the exact form of time-dependent mean values
α(t), β(t) are generally difficult to obtain. The previous
treatment of pulsed drive field usually adopted certain
approximations for these time-dependent averaged val-
ues [30,31]. With regard to the optomechanical entan-
glement due to cw drives, time-independent steady state
in dynamical stability is a prerequisite to the majority
of previous theoretical studies, including those about the
entanglement in a higher-temperature environment, which
realize dynamical stability with red-detuned drive [25] or
one blue-detuned drive together with another red-detuned
drive acting on an ancillary cavity [48]. Under a single
blue-detuned cw drive, the steady states exist only for
very weak optomechanical coupling [49], so the dynam-
ical instability associated with blue-detuned cw drives
imposes a fundamental limit on the applicability of the
previous approach to quantum optomechanics [23]. As
demonstrated by experiment [30], blue-detuned drive field
is the main cause of optomechanical entanglement. The
quantum entanglement between cavity field and mechan-
ical resonator can surely exist, even when an OMS is not
dynamically stable under a blue-detuned cw drive. In what
follows we develop a method from Refs. [50–54] to deal
with the quantum dynamics due to blue-detuned cw drives.

Our starting point is from the initial quantum state

ρ(0) = |0〉c 〈0|
⊗ ∞∑

n=0

nn
th

(1 + nth)n+1
|n〉m 〈n| (1)

of a concerned OMS, as the product of a cavity vacuum
state and a mechanical thermal state before turning on the
drive field. Here the mechanical reservoir with the occu-
pation nth can be at arbitrary temperature, as long as the
resonator is prepared under the thermal equilibrium with
its environment. An important feature of an OMS is that
it is an open quantum system. The cavity and mechani-
cal thermal reservoir of the OMS can be modeled as the
ensembles of oscillators with the continuous distributions
of their frequencies (the notation � = 1 is used in this

section):

HR =
∫ ∞

0
dω1ω1ξ̂

†
c ξ̂c(ω1) +

∫ ∞

0
dω2ω2ξ̂

†
mξ̂m(ω2). (2)

The coupling of the OMS with the environment modeled
by the above Hamiltonian takes the general form

HSR = i
∫

dω1κ(ω1)(â − â†){ξ̂ †
c (ω1) + ξ̂c(ω1)}

+ i
∫

dω2γm(ω2)(b̂ − b̂†){ξ̂ †
m(ω2) + ξ̂m(ω2)}. (3)

The action of the system-reservoir coupling is irreversible,
giving rise to the damping of the cavity (mechanical)
mode at the rate κ (γm). For the smooth coupling between
the system and reservoirs, the coupling intensities can be
reduced to the constants, i.e., κ(ω) → (κ/π)1/2, γm(ω) →
(γm/π)1/2 [35].

The physical elements in the OMS include a drive from
an external pump field as well as the coupling between the
cavity field and mechanical resonator due to the radiation
pressure. In a rotating frame with respect to the external
drive frequency ωl, the Hamiltonians for these processes
read [19]

HS = 
â†â + ωmb̂†b̂ + iE(â† − â) (4)

and

HOM = −gmâ†â(b̂ + b̂†), (5)

where 
 = ωc − ωl is the detuning of the drive field’s cen-
tral frequency, and the driving amplitude is related to the
pump power P as E = √

κP/ωl. The driving amplitude
E(t) can be time dependent to include pulsed fields. All
physical properties of a quantum OMS are the consequence
of the evolution from its initial quantum state Eq. (1) under
the action

U(t) = T exp
{
−i

∫ t

0
dτ(HS + HOM + HSR + HR)(τ )

}

of the total Hamiltonian including that of the stochas-
tic part HSR [35]. The quantum state ρr of the reservoirs
is assumed to be invariant under the action, since the
environment is unaffected by the concerned system.

Next we take an interaction picture with respect to the
Hamiltonian HS + HR. The corresponding unitary transfor-
mation U0(t) = exp{−i(HS + HR)t} (an ordinary exponen-
tial due to the commutativity of HS + HR at different time)

034030-3



LIN, HE, and XIAO PHYS. REV. APPLIED 13, 034030 (2020)

transforms all involved operators to

â → Â(t) = U†
0(t)âU0(t) = e−i
t[â + D(t)],

b̂ → U†
0(t)b̂U0(t) = e−iωmtb̂,

ξ̂c(ω1) → e−iω1tξ̂c(ω1),

ξ̂m(ω2) → e−iω2tξ̂m(ω2),

(6)

having the displacement

D(t) =
∫ t

0
dτei
(t−τ)E = ei
t − 1



E (7)

for the cavity mode. Note that, unlike a similar proce-
dure in the routine linearization mentioned at the beginning
of the section, there is no term containing the damping
rate κ in the displacement D(t). Then the rest of the total
Hamiltonian becomes

Heff(t) = U†
0(t)(HOM + HSR)U0(t)

= −gm
[
D(t)â† + D∗(t)â + |D(t)|2]

× (e−iωmtb̂ + eiωmtb̂†)

−gmâ†â(e−iωmtb̂ + eiωmtb̂†)︸ ︷︷ ︸
HN (t)

+ i
√

2κ{e−i
tÂ†(t)ξ̂c(t) − ei
tÂ(t)ξ̂ †
c (t)}

+ i
√

2γm[b̂†ξ̂m(t) − b̂ξ̂ †
m(t)], (8)

where

ξ̂c(t) = 1√
2π

∫
dωξ̂c(ω)e−i(ω−
)t,

ξ̂m(t) = 1√
2π

∫
dωξ̂m(ω)e−i(ω−ωm)t.

(9)

In the above Eq. (8) we apply the rotating-wave approx-
imation to neglect the terms containing the fast oscillat-
ing factors in the system-reservoir coupling part. Like
almost all other researches in quantum optomechanics
(see, e.g., the review articles [19,55]), we treat the noise
operators in Eq. (9) as the white ones with the correla-
tions 〈ξ̂c(t)ξ̂

†
c (t′)〉R = δ(t − t′) and 〈ξ̂m(t)ξ̂ †

m(t′)〉R = (nth +
1)δ(t − t′), where nth is the thermal occupation. The dis-
cussion on the more realistic non-Markovian thermal noise
is given in the Appendix.

The essential point in our approach is a proper use of the
effective Hamiltonian, Eq. (8), for finding the expectation
values of the evolved system operators (including those as
the observables in experiments). The expectation value of
an arbitrary operator Ô(t) = U†(t)ÔU(t) that evolves with
time can be written as

〈Ô(t)〉 = TrS{Ôρ(t)} = TrS{ÔTrR[U(t)ρ(0)ρrU†(t)]}
= TrS,R{ÔU0(t)T e−i

∫ t
0 dτHeff(τ )ρ(0)ρrT ei

∫ t
0 dτHeff(τ )U†

0(t)}
= TrS,R{T ei

∫ t
0 dτUN (t,τ)(Heff−HN )(τ )U†

N (t,τ)U†
0(t)ÔU0(t)T e−i

∫ t
0 dτUN (t,τ)(Heff−HN )(τ )U†

N (t,τ)UN (t, 0)ρ(0)ρrU
†
N (t, 0)}

≈ TrS,R{T ei
∫ t

0 dτ(Heff−HN )(τ )U†
0(t)ÔU0(t)T e−i

∫ t
0 dτ(Heff−HN )(τ )ρ(0)ρr}, (10)

in which the trace is taken over both the system part S and
the reservoir part R. As emphasized in Ref. [35], the action
U(t) in the above is only a formally unitary one, since
it also involves the action of the system-reservoir cou-
plings that cause the damping of the system modes as the
nonunitary processes. The interaction picture with U0(t) as
mentioned above is equivalent to the factorization of the
operator U(t) on the second line of Eq. (10). To determine
the effect of the nonlinear term HN (t) in Eq. (8), we con-
tinue to factorize its action UN (t, 0) = T exp{−i

∫ t
0 dt′HN

(t′)} out of the evolution operator T exp{−i
∫ t

0 dτHeff(τ )}
as in Eq. (10). The operation UN (t, 0) factorized out in
Eq. (10) keeps the initial quantum state ρ(0)ρr invariant
since the cavity is initially in a vacuum state |0〉c. In both

of the factorization procedures, we only perform the truly
unitary operations to modify the system mode operators in
the remaining Hamiltonians, to avoid the actually nonuni-
tary action by the system-reservoir coupling HSR used in
Ref. [50]. The transformed operators UN (t, τ)âU†

N (t, τ)

and UN (t, τ)b̂U†
N (t, τ) in Eq. (10) differ from the original

ones, â and b̂, by the terms in the orders of gm/ωm, and such
corrections can be neglected for a weakly coupled OMS
satisfying gm/ωm � 1 (especially in the highly resolved
sideband regime ωm/κ � 1). Throughout our derivations,
the approximation sign in Eq. (10) due to this practice is
the only step that is not exact, in addition to the commonly
used Markovian approximation [19,55] and rotation-wave
approximation for the noise terms.
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Finding the value of 〈Ô(t)〉 can be, therefore, reduced to
determining the evolved operator Ô(t) due to the succes-
sive actions U0(t) and T exp{−i

∫ t
0 dτ(Heff − HN )(τ )}, and

then taking its expectation value with respect to the fixed
initial quantum state ρ(0)ρr. The evolved operator Ô(t)
may contain the quantum-noise operators, whose averages
over the total reservoir state ρr should be found by the
correlation relations of the noise operators in Eq. (9). The
first action U0(t) evolves the system operators exactly as
in Eq. (6). The evolutions of the operators Ô = â and b̂
under the second action T exp{−i

∫ t
0 dτ(Heff − HN )(τ )} of

a quadratic Hamiltonian are determined by the correspond-
ing dynamical equations that are in the exact forms as well.
Making use of the proper Ito rules for the quantum-noise
operators in the system-reservoir coupling part [35], one
obtains the dynamical equations as follows:

˙̂a = −κ â + igmD(t)(e−iωmtb̂ + eiωmtb̂†) − κD(t)

+
√

2κξ̂c(t),

˙̂b = −γmb̂ + igmeiωmt [D(t)â† + D∗(t)â
]

+ igmeiωmt|D(t)|2 +
√

2γmξ̂m(t). (11)

These linear differential equations including the coher-
ent and noise drive terms can be numerically tackled. As
seen from the equations, the effect of the coupling terms
of squeezing type, which are proportional to â† or b̂†

on their right sides, can be significantly enhanced by a
blue-detuned cw drive set at 
 = −ωm. After plugging in
the displacement D(t) [see Eq. (7)] with 
 = −ωm, there
are such coupling terms without oscillating phase factor,
which are equivalent to a resonant two-mode squeezing
Hamiltonian

Hcoupling = J (âb̂ + â†b̂†), (12)

where J = gmE/ωm; this coupling dominates in the pro-
cess illustrated in the lower panel of Fig. 1, and contributes
significantly to optomechanical entanglement. The squeez-
ing effect manifests more explicitly from the corresponding
equations

˙̂a = −κ â + J b̂† + iκg−1
m J +

√
2κξ̂c(t),

˙̂b = −γmb̂ + J â† − ig−1
m J 2 +

√
2γmξ̂m(t)

(13)

in the limit ωm/κ → ∞, since the effects of the other
coupling terms carrying oscillating factors are completely
averaged out in this limit. It is impossible to stop the
mechanical resonator in a squeezing-dominant situation,
and its final motion is a steady oscillation after introducing
the nonlinear saturation.

The quantum states of an OMS evolved from the initial
state ρ(0) in Eq. (1) are Gaussian states, if the evolution

process can be approximated with the successive actions
of U0(t) and T exp{−i

∫ t
0 dτ(Heff − HN )(τ )} as in Eq. (10).

The information about such Gaussian states is contained in
the 4 × 4 correlation matrix (CM)

V̂ =
(

Â Ĉ
ĈT B̂

)
, (14)

with its elements defined as

Vij (t) = 1
2
〈δûi(t)δûj (t) + δûj (t)δûi(t)〉. (15)

Here the fluctuation δûi(t) = ûi(t) − 〈ûi(t)〉 is around the
time-dependent expectation value 〈ûi(t)〉 for the elements
of the vector �̂u(t) = [X̂c(t), P̂c(t), X̂m(t), P̂m(t)]T, where
X̂l = (ĉ + ĉ†)/21/2, P̂l = −i(ĉ − ĉ†)/21/2 for l = c, m and
c = a, b. In contrast, in the majority of the previous stud-
ies confined to the regimes of red-detuned cw drive or
weak blue-detuned cw drive, the expectation values 〈ûi(t)〉
should be time-independent steady ones. Our concerned
time-dependent CM elements for the quantum states of any
weakly coupled OMS can be found from Eqs. (10) and
(11), directly giving the Wigner functions of its evolving
Gaussian states. A measure for the corresponding entan-
glement between the cavity and mechanical modes is the
logarithmic negativity EN = max[0, − ln(2η−)] [56–59],
where

η−=
√

� −
√

�2 − 4 det V̂/
√

2 (16)

and � = det Â + det B̂ − 2 det Ĉ. So far we develop the
theoretical tools that deals with the optomechanical entan-
glement due to blue-detuned cw drives.

III. OPTOMECHANICAL ENTANGLEMENT DUE
TO BLUE-DETUNED DRIVE

In this section we present the detailed results of the
evolved optomechanical entanglement due to a cw pump
laser set at the squeezing resonant point 
 = −ωm. The
effects of the noise drive terms in this situation are inten-
sified as well, so one expects significant decoherence from
the cavity and mechanical reservoir, which could totally
eliminate the quantum features. On the other hand, a signif-
icantly enhanced two-mode squeezing effect at 
 = −ωm
is beneficial to entangling the cavity field and mechani-
cal resonator. The realized entanglement is obviously the
result of the competition between these two factors. In
addition to the entanglement, we consider the purity of the
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evolved state ρ(t) [60]

μ[ρ(t)] = Trρ2(t) = 1

4
√

DetV̂(t)
, (17)

where V̂ is the CM defined in Eq. (14), as a figure-of-merit
for the two-mode system’s resistance against thermal deco-
herence. The evolution tendency of the entanglement is
compared with the corresponding tendency of the purity.

For an OMS at room temperature we first look at its
associate cavity photon number 〈â†(t)â(t)〉 = |α(t)|2. This
average cavity photon number evolves according to the
following nonlinear dynamical equations:

α̇ = −κα + igm(e−iωmtβ + β∗eiωmt)α + Eei
t,

β̇ = −γmβ + igm|α|2
(18)

in the frame rotating at the resonant cavity frequency ωc
and the mechanical frequency ωm, where α = 〈â〉 and β =
〈b̂〉. As shown in Fig. 2(a), due to the two-mode squeez-
ing effect under the blue-detuned drive, the cavity photon
number increases quickly at the beginning evolution period
and then stabilizes under the nonlinear saturation. To cal-
culate the quantum coherence and entanglement, however,
the system dynamics should be linearized. In its initial
thermal state, the mechanical resonator’s fluctuation mag-
nitude 〈δb̂†δb̂〉 has been far above the corresponding mean
value |β(0)|2 = 0 already, so it is impossible to adopt the
routine linearization approach mentioned at the beginning
of Sec. II.

Figures 2(b) and 2(c) show the evolved quantum purity
and quantum entanglement according to our linearized
dynamics detailed in Sec. II. According to Eq. (11), which

is valid at the beginning evolution period for the system of
nonlinear dynamics, these quantities stabilize after a period
of time before the system enters the nonlinear regime,
i.e., the time scales for the stabilization of μ and EN are
much shorter than the time for the cavity photon number
to stabilize. It is a consequence of the balance of the total
decoherence and effective optomechanical coupling. The
significant decoherence that exists in the processes man-
ifests by the completely vanishing purities in Fig. 2(b),
though their initial values are rather low at room tempera-
ture. Under the dominant squeezing effect, the determinant
of the CM in Eq. (17) diverges, inevitably eliminating the
remnant purity of any initially prepared state. On the other
hand, the entanglement magnitude is determined by the
factor �(t) − [�2(t) − 4 det V̂(t)]1/2 in Eq. (16). With the
progress of an evolution, the subtraction of the two diverg-
ing terms in the factor converges to a stably oscillating
function, resulting in the illustrated entanglement.

An interesting phenomenon with the higher drive inten-
sity is the significantly oscillating magnitude of the entan-
glement. The cause for such oscillation is relevant to
the oscillating coupling terms in Eq. (11). One can see
the point by increasing the sideband resolution ωm/κ . In
the limit ωm/κ → ∞, the oscillating terms in the dynam-
ical equations takes no effect, to reduce the dynamical
equations to Eq. (13). The stable entanglement value in this
limit has an analytical form

EN = − ln

[
J 2(κ + 2γmnth) − (κ

√
4J 2 + κ2 − κ2)γmnth

J 2
√

4J 2 + κ2

]

(19)

under the realizable condition κ � γm. As shown in
Fig. 3, the oscillating entanglement values numerically

(a) (b) (c)

FIG. 2. Real-time evolutions of cavity photon number, purity, and entanglement in thermal environment. In (a) we consider the room
temperature T = 300 K for a mechanical resonator with the frequency ωm/2π = 100 MHz, and the system is driven by a blue-detuned
(
/ωm = −1) cw pump field with the amplitude E/κ = 105. The inset in (a) shows the stabilized cavity photon number evolved
according to the nonlinear dynamical equations, in contrast to the growing cavity photon in the linear dynamical regime. In (b) and
(c), two initial temperatures corresponding to the indicated different thermal occupations are used for the evolutions of the purity and
entanglement. The parameters for the system are taken as gm/κ = 10−4, ωm/κ = 10, and Q = ωm/γm = 106.
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FIG. 3. Evolved entanglement for the setups with ωm/κ � 1.
The system parameters are gm/κ = 10−4, Q = 106. The drive
intensity and the thermal reservoir occupation are set to satisfy
the relations J/κ = (gm/ωm)(E/κ) = 2.5 and (γm/κ)nth = 1.

calculated according to Eq. (11) asymptotically tends to
this steady result. This completely steady entanglement
obtained from Eq. (13) with only constant coupling terms
distinguishes our scenario from the previous proposals
of high-temperature entanglement [43–45], where time-
dependent interaction is indispensable.

IV. HOW OPTOMECHANICAL ENTANGLEMENT
STABILIZES

From the above discussions one sees that optomechan-
ical entanglement under blue-detuned cw drive can exist
at sufficiently high temperature. The technically achiev-
able OMSs with their mechanical quality factors Q =
105 − 106 [19] are good candidates for the purpose, as the
decoherence, especially the thermal one at high tempera-
ture, can be overcome by a proper mutual interaction. We
also see from the illustrated examples that the decoherence
effect on entanglement is totally different from the corre-
sponding effect on the coherence as the loss of purity. The
causes for such uniqueness in the generated entanglement
should be identified.

We find out what determines the entanglement dynamics
from the dynamical equations, Eq. (11). In the equations,
the decoherence from the cavity and mechanical reservoirs
acts as the quantum-noise terms proportional to (2κ)1/2

and (2γm)1/2, respectively. If removing these terms, the
associated entanglement evolves according to a dynam-
ics without the decoherence from environment. Under
the enhanced two-mode squeezing due to a blue-detuned
cw drive field, the optomechanical entanglement grows
monotonously with time under such assumed dynamics;
see the pink curves in Fig. 4. To see the effects of the
different types of quantum noise, one can separately add

(a) (b)

(c) (d)

FIG. 4. Comparison of the entanglement values with and with-
out quantum-noise effects. Here we calculate the logarithmic
negativity for the entanglement evolved with only the cavity
noise, with only the mechanical noise and under both the cavity
and mechanical noises, respectively. The other system param-
eters, which are not indicated here, are the same as those in
Fig. 2.

the noise drive terms back to the equations. Only with
the mechanical noise term (2γm)1/2ξ̂m in Eq. (11), the
evolved entanglement becomes stabilized oscillation. A
larger quality factor Q is found to suppress the thermal
noise effect, by comparing the blue curves in Figs. 4(a)
and 4(c) with the corresponding ones in Figs. 4(b) and
4(d). As compared with the mechanical noise, the effect
of the cavity noise, which obviously leads to the lower val-
ues of stabilized entanglement, is more significant in these
examples. The existence of any type of noise can obviously
affect the concerned entanglement, in contrast to the simple
modification of cavity photon numbers and other quantities
by the noises [61–63].

The larger oscillation amplitude for a realized entangle-
ment under the stronger drive exists to the entanglement
stabilized under any type of the noises. From the exam-
ples in Fig. 4, one sees that a stronger noise effect actually
displaces the entanglement values under fix drive intensity
E to the lower side along the vertical axis. With the com-
bined effect from both the cavity and mechanical noises,
the realized optomechanical entanglement as its stabilized
value shifted towards the horizontal axis, can exhibit peri-
odic ESD and entanglement revival; see the black curves in
Figs. 4(a) and 4(c). For clearer illustrations of the balanced
decoherence and optomechanical coupling, which affect
the evolution of our concerned entanglement, we apply the
further increased drive power to one of the setups consid-
ered in Fig. 4. The results of their evolutions are given
in Fig. 5. Except for the obvious change at the beginning
steps of raising the drive intensity (the two figures on the
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FIG. 5. Evolved entanglement with a series of gradually
increased drive intensity. Following the order from the upper left
frame to the lower right frame, the drive intensity E/κ grows
from 105 to 2.4 × 106 with a gap of 2 × 105 for each step.
The system parameters are the same as those in Fig. 4 with
a fixed Q = 106. The colors of the curves are in one-to-one
correspondence with those in Fig. 4.

first row of Fig. 5), the evolution of the entanglement varies
little in spite of adding more drive power successively.
The effects of creating and killing the entanglement, both
of which become more significant with increased drive
power, can well balance each other over a considerable
range of the drive intensity.

V. CONDITION FOR REALIZING
HIGH-TEMPERATURE OPTOMECHANICAL

ENTANGLEMENT

The most interesting issue for our concerned optome-
chanical entanglement is how it could survive at high
temperature. For a simple quantum mechanical oscilla-
tor under thermal decoherence, which has the number of
coherent oscillations as ωm/(γmnth) = Qfm[h/(kBT)] [fm =
ωm/(2π)], its decoupling from the thermal environment’s
influence should satisfy the condition Q/nth � 1, where
nth = kBT/(�ωm) for the oscillator at high temperature.
Under this condition the purity of the quantum states of an
OMS may be preserved, as mentioned in the previous stud-
ies (see, e.g., [36,37]). To the quantum entanglement of the
OMS, however, an extra factor is the coupling between the
cavity and mechanical modes as the mutual interaction to
create the entanglement. As understand from the above dis-
cussions, the stabilized entanglement due to blue-detuned
cw drive is the result of the balanced decoherence and

mutual interaction, both of which become larger with time
in the concerned regime of dynamical instability. Could
such a balance be reset by a proper optomechanical cou-
pling so that the entanglement can appear with the lower
ratio Q/nth for the systems?

This conjecture can be solved by finding the direct rela-
tion of the evolved entanglement with the ratio Q/nth.
Considering the possible appearance of ESD and entan-
glement revival as in Figs. 4(a) and 4(c), we here use
the stable peak value of the entanglement to indicate its
existence. The setup in Fig. 2 is used to illustrate the
entanglement in general thermal environment, with a flex-
ibility that its mechanical quality factor can be adjusted
in preparing the setup. The results in Fig. 6(a) show that
the optomechanical entanglement can appear with a proper
drive intensity as long as the concerned ratio is in the
order Q/nth ∼ 1, which is much more relaxed than the
condition Q/nth � 1 for an OMS to be decoupled from

(a)

(b)

FIG. 6. Relations between the achieved peak value entangle-
ment with the temperature and mechanical quality factor. (a) The
ratio Q/nth for the existence of optomechanical entanglement.
For all the given drive intensities, the entanglement appears with
the ratio in the order of Q/nth ∼ 1. The inset shows a saturation
of the values of the stabilized entanglement. With the even higher
drive intensities, the entanglement may exist at a point Q/nth <

1. (b) The tendency of the stabilized peak values of entangle-
ment, which are obtained given the drive intensity E/κ = 105,
with the temperature up to the degree higher than 900 K for
a technically available quality factor Q = 106. In both (a) and
(b) we have ωm/2π = 100 MHz, and gm/κ = 10−4, ωm/κ = 10,

/ωm = −1 as in Fig. 2.
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thermal decoherence. The modified balance between deco-
herence and optomechanical coupling due to the change
of system parameters in the evolution of entanglement
can be seen in Fig. 6(a). For instance, at the fixed point
Q/nth = 2, no entanglement exists under the drives of
lower intensity (E/κ = 105, 6 × 105), but a higher inten-
sity (E/κ = 106) inducing a more significant coupling than
the simultaneously intensified decoherence can give rise to
a nonzero entanglement up to the order of EN = 0.1. As
seen from the inset of Fig. 6(a), a very high ratio Q/nth
cannot improve on the entanglement forever because of
the decoherence from the cavity reservoir, which takes an
independent action on the system. In terms of the tem-
perature of the thermal reservoir, one can illustrate the
general tendency of the entanglement as in Fig. 6(b). It is
possible to have entanglement at much higher than room
temperature, given the technically achievable quality fac-
tor Q as those in Fig. 6(b). Unlike the previous proposals
(see, e.g., [20–26]), such robust entanglement should be
realized in the regime without time-independent steady
state.

A further question is how to estimate the necessary inter-
action (optomechanical coupling) for the realization of the
entanglement at a certain temperature. The reciprocal of
the ratio Q/nth is proportional to the factor (γm/κ)nth,
which indicates the thermal decoherence rate from the
mechanical reservoir. The realized entanglement is the
result of the system dynamical evolution determined by
the effective optomechanical couplings as well as by the
decoherence from the reservoirs. An intuitive model for
understanding the main features of the system dynamics is
the one in the limit ωm/κ → ∞, whose dynamical equa-
tions are Eq. (13). After rewriting the dynamical equations
in terms of the dimensionless time scale κt, one sees that
all evolved quantities according to the equations change
only with three parameters J/κ , γm/κ , and nth. Under the
condition γm/κ � 1, the finally stable entanglement can
also be given as an analytical form in Eq. (19). The sta-
ble entanglement distribution in this limit [see Fig. 7(b)]
is like a deformation of the corresponding distribution for
a finite sideband resolution ωm/κ = 10 in Fig. 7(a). A
difference for the finite sideband resolution, however, is
that boundary for the existence of entanglement slowly
crosses the position Q/nth = 1 with the increasing effective
coupling J/κ [see Fig. 7(a)]. As an example, the sys-
tem with gm/κ = 10−4 and driven by a blue-detuned cw
drive with E/κ = 107 can have an averaged stable entan-
glement of EN ≈ 0.093, when the mechanical resonator
having ωm/κ = 10 and γm/κ = 1/900 is in a thermal envi-
ronment with nth = 104. The ratio Q/nth in this case is only
0.9.

In the limit ωm/κ → ∞ considered in Fig. 7(b), there is
a clear boundary on the left of the diagonal line (γmnth =
gmE/ωm) in this figure for the existence of entanglement.
For a fixed thermal decoherence at the rate (γm/κ)nth,

(a)

(b)

FIG. 7. (a) Stabilized value of entanglement with Eq. (11) in
the space of the parameters J/κ = gmE/(ωmκ) and (γm/κ)nth,
with gm/κ = 10−4, ωm/κ = 10, Q = 106. The optomechanical
coupling intensity on the general level is indicated by the first
parameter, and the general thermal decoherence rate is measured
by the second parameter. (b) The analytical entanglement with
Eq. (19) in the space of the same parameters as in (a).

the following condition

J = gmE/ωm � γmnth (20)

is sufficient to obtain the optomechanical entanglement
with a certain drive power that realizes the proper coupling
intensity. Due to the possible adjustment of the effective
coupling intensity J , optomechanical entanglement sat-
isfying the condition can be realized even with a ratio
Q/nth < 1. The OMSs with ωm/κ � 1, which are relevant
to the relation, are experimentally realized thus far (see,
e.g., [64]).

VI. EXPERIMENTAL FEASIBILITY

According to the criterion provided in the above discus-
sions, the two quantities (J = gmE/ωm and Q = ωm/γm)
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FIG. 8. Entanglement that can be achieved with the experimen-
tal setup in Ref. [65], which operates at optical frequency and
has the parameters ωm/2π = 3 × 109 Hz, κ/2π = 5 × 108 Hz,
gm/2π = 9 × 105 Hz, and Q = 105. Here we consider its per-
formance at the room temperature T = 300 K corresponding to
nth = 1.6 × 103.

that a setup can have are crucial to experimental gener-
ation of optomechanical entanglement at a certain tem-
perature T. If they can properly operate under the inten-
sified cavity field due to blue-detuned drives, almost all
previously reported systems generates more or less such
optomechanical entanglement simply by changing the fre-
quencies of the drives. Better systems can also be designed
according to the criterion for generating the demanded
optomechanical entanglement.

Without loss of generality, we consider one of the pre-
viously reported experimental setups, which was used to
perform an experiment of cooling mechanical resonator to
ground state [65]. But the setup is operated at the room
temperature now. In Fig. 8, we demonstrate its evolved
entanglement by respectively applying two drives of dif-
ferent intensities. The magnitudes of the realized stable
entanglement are seen to be sufficiently high. Under the
stronger drive amplitude the average degree of entan-
glement is even higher, since it brings about a stronger
squeezing effect. The entanglement realized by the weaker
drive (the solid blue curve in Fig. 8) requires a pumping
laser with the power of approximate 40 mW. Other sys-
tems with high Q, such as those in Refs. [64,66], are also
possible for the implementation.

VII. ENTANGLING TWO MECHANICAL
RESONATORS THROUGH ENTANGLEMENT

SWAPPING

After we obtain a stabilized optomechanical entangle-
ment, it is possible to connect it with another optome-
chanical entanglement to make the entanglement between

two mechanical resonators. This procedure of entangle-
ment swapping is described in Figs. 1 and 9. After the two
optomechanical entanglements are stabilized, their two
CMs completely contain the information about these two
independently generated entanglements. To describe the
entanglement swapping process, we start from the Wigner
function of the total system, which takes the form

W(X1, X2) = N exp
{
−1

2
X T

1 V̂−1
1 X1 − 1

2
X T

2 V̂−1
2 X2

}
,

(21)

where N is a normalization coefficient, and X1 =
(X 1

c , P1
c , X 1

m , P1
m)T, X2 = (X 2

c , P2
c , X 2

m , P2
m)T are the vectors

of dynamical variables. The output fields from the cavities
are related to their inputs and the cavity modes âi as [67]

âi
out(t) = √

κ âi − âi
in(t), (22)

for i = 1, 2. Because the input and output fields propagate
toward two opposite directions, the ones leaking out of the
cavities and to be measured are

√
κ â1 and

√
κ â2, respec-

tively (we assume an equal damping rate κ for the two
cavities).

First, we let these fields from the cavities interfere with
one another through a 50:50 beam splitter (BS) as in
Fig. 9(a), to have the following transformations:

X 1′
c = (√

κX 1
c + √

κX 2
c

)
/
√

2,

X 2′
c = (√

κX 1
c − √

κX 2
c

)
/
√

2,

P1′
c = (√

κP1
c + √

κP2
c

)
/
√

2,

P2′
c = (√

κP1
c − √

κP2
c

)
/
√

2.

(23)

In the Wigner function of the system, the variables X 1
c ,

X 2
c and P1

c , P2
c are to be replaced by the linear com-

binations of X 1′
c /

√
κ , X 2′

c /
√

κ , P1′
c /

√
κ , and P2′

c /
√

κ , as

(a) (b)

FIG. 9. Entanglement swapping. (a) The output two cavity
modes (C1 and C2 as the intrinsic cavity modes multiplied by√

κ) interfere through a 50:50 beam splitter (BS) and two of
the output modes are measured. (b) The two output modes after
the first 50:50 BS are transmitted into two 1:1000 BS, respec-
tively. The weak modes are measured while the strong modes are
projected out.
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the inverse transformation of the above. Then we mea-
sure the modes X 1′

c and P2′
c , and have the results X 1′

c /
√

κ

and P2′
c /

√
κ to be substituted into the Wigner function.

The resulting Wigner function of the two mechanical res-
onators should be obtained by integrating out the two
other variables P1′

c /
√

κ and X 2′
c /

√
κ , because they cannot

be measured simultaneously due to the uncertainty rela-
tion for the noncommuting operators. The Wigner function
W(X 1

m , X 2
m) obtained in this way exactly describes the

quantum state and the associated entanglement. The cor-
responding CM and the associated logarithmic negativity
indicate the mechanical entanglement after the swapping
procedure is performed.

The above entanglement swapping can be implemented
in principle, but the measurement of cavity modes through
a homodyne detection [68–70] is difficult for the strong
intensities of the output cavity modes, which exists under
blue-detuning drives. To implement the swapping proce-
dure more conveniently, one can add two more BSs in
addition to the two output modes of the 50:50 BS as shown
in Fig. 9(b). The reflectivity of the two extra BSs can
be high, e.g., 99.9% or even higher. In other words, we
separate one output cavity mode to one weak and one
strong field, respectively. The strong one is projected out,
while the weak one is to be measured through a homodyne
detection. The desired entanglement swapping can still be
achieved with a suitable detection system that is available
thus far.

Now we use an experimentally achievable system used
in Fig. 8 for an example of such entanglement swapping.
The environment temperature here is set to be T = 300 K.
We select two slightly different time points for the two sub-
systems of optomechanics (the equality of the moments for
the measurement of them can also be taken if assuming
an ideal set), and get the two entangled states of the two
independent optomechanical systems. The corresponding
logarithmic negativities are E1

N = 1.310 and E2
N = 1.271,

respectively. Following the processes presented above,
the finally obtained quantum state of the two mechani-
cal resonators has a logarithmic negativity Em

N = 0.396,
which is the degree of entanglement between the two
mechanical resonators after the entanglement swapping is
implemented.

VIII. DISCUSSION AND CONCLUSION

Quantum entanglement has two prominent features. One
is its ubiquitousness due to interaction [71], and the other
is its fragility under decoherence [4,5]. By intuition, ther-
mal decoherence at high temperature may kill any type of
entanglement. Finding the proper balance between deco-
herence and interaction to make entanglement in ther-
mal environment is meaningful to potential applications.

Our current work proposes a method for realizing quan-
tum entanglement of two macroscopic objects at room
temperature or even higher temperatures.

Recently, the existence of quantum correlations at room
temperature has been experimentally investigated [46,47].
The quantum fluctuations considered in these experiments
are around the steady states of a system. In the current
work we present a method to deal with the associated fluc-
tuations around time-dependent cavity field and mechani-
cal displacement of weakly coupled OMSs, so that more
flexibility could be available in more general situations.
Optomechanical entanglement is a phenomenon attracting
wide attention concerning the macroscopic quantum states
of OMS. The uniqueness in the current study is about the
creation of such entanglement with blue-detuned cw drive
field, which leads to more significant two-mode squeezing
effect than the red-detuned drives or blue-detuned pulses
considered in the previous studies. Our analysis shows
that optomechanical entanglement due to blue-detuned cw
drive can become stable in thermal environment, indi-
cating the possibility of realizing the entanglement even
at very high temperature. The condition for obtaining
the entanglement of OMS is found to be much more
relaxed than the well-known criterion for preserving an
OMS’s coherence in thermal environment. Directly apply-
ing blue-detuned cw drives also simplifies the generation
of optomechanical entanglement.

More technical concerns can arise in the implementation
of our proposal. One of them is the continually increasing
displacement of the mechanical resonator in the dynamical
unstable regime due to blue-detuned drive. After the dis-
placement proportional to the real part of 〈b̂(t)〉 is beyond
an extent so that the effective dynamics of the system
begins to be purely nonlinear, the mechanical motion sta-
bilizes in a self-induced oscillation [19]. The entanglement
between the cavity field and mechanical resonator, how-
ever, still exists after reaching the nonlinear regime, as it
can stabilize independently before the system enters the
nonlinear regime. In the current study we work with the
Markovian approximation for the mechanical reservoir at
high temperature. The more realistic non-Markovian noise
can modify the concerned entanglement (see Appendix).

A more fundamental aspect of the current study is to
understand how quantum entanglement can survive in ther-
mal environment. The illustrated examples with OMSs
demonstrate that, at high temperature, the behaviors of
the coherence and entanglement are totally different. The
loss of the latter due to environmental decoherence can be
offset by the interaction within a system. In other words,
entanglement with an object can be easier to exist than
the Scröndinger cat (quantum superposition) made out of
the same object. As a result, there are richer phenomena
beyond the general scenario of ESD that is previously
envisioned. Together with the numerical simulations in
different situations, a quantitative relation Eq. (20) found

034030-11



LIN, HE, and XIAO PHYS. REV. APPLIED 13, 034030 (2020)

in the highly resolved sideband regime indicates how
large the interaction should be required for preserving
an optomechanical entanglement at any temperature. This
relation about mutual interaction and thermal decoherence
allows one to speculate that high-temperature entangle-
ment can also exist in other dynamical systems.
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APPENDIX: NON-MARKOVIAN THERMAL
RESERVOIR

In real situations the thermal noise acting on the
mechanical resonator is not exactly Markovian, so it is nec-
essary to have a more detailed look at how the realistic
non-Markovian noise can be reduced to a Markovian one
at higher temperature. While some other literature adopt
the Schröndinger approach (see, e.g., [72,73]), we here
apply the Heisenberg-Langevin approach with the nota-
tions close to those in Ref. [35]. The mechanical noise
discussed below refers to the term ζ̂m(t) in the dynamical
equation

˙̂Xm = ωmP̂m,

˙̂Pm = −ωmX̂m + gmâ†â︸ ︷︷ ︸
−V′(X̂m)

− γm

ωm

˙̂Xm + ζ̂m(t) (A1)

of the mechanical resonator, and it is related to the mechan-
ical noise operator in Eqs. (11) and (13) as ζ̂m(t) ∼ ξ̂m(t) +
ξ̂

†
m(t).

We start from the model of the thermal reservoir, which
is an ensemble of oscillators coupled to the mechanical res-
onator. The effective Hamiltonian of the reservoir coupled
to the mechanical resonator has the form [35]

Hth = 1
2

∑

n

{(p̂n − κnX̂m)2 + ω2
nq̂2

n}, (A2)

where pn and qn are the momentum and displacement
of an oscillator with the frequency ωn. Those reser-
voir oscillation modes are quantum so that they sat-
isfy [q̂n, p̂n′] = i�δnn′ and [q̂n(p̂n), X̂m(P̂m)] = 0. From the
dynamical equations

˙̂qn = i
�

[Hth, q̂n] = p̂n − κnX̂m,

˙̂pn = i
�

[Hth, p̂n] = −ω2
nq̂n

(A3)

for the reservoir operators, one has the evolved mode

ân(t) = e−iωn(t−t0)ân(t0)

− κn

√
ωn

2�

∫ t

t0
dτe−iωn(t−τ)X̂m(τ ) (A4)

for their linear combination ân = (ωnq̂n + ip̂n)/
√

2�ωn.
Using this evolving reservoir mode together with the effec-
tive Hamiltonian Hth, one obtains the dynamical equations
for X̂m and P̂m:

˙̂Xm = ωmP̂m,

˙̂Pm = −V′[X̂m(t)] −
∫ t

t0
dτγ (t − τ)

˙̂Xm(τ )

− γ (t − t0)X̂m(t0) + ζ̂m(t) (A5)

in which there are the memory function or damping kernel

γ (t − t′) =
∑

n

κ2
n cos[ωn(t − t′)] (A6)

and, more importantly, the thermal noise operator

ζ̂m(t) = i
∑

n

κn

√
ωn

2

× [â†
n(t0)e

iωn(t−t0) − ân(t0)e−iωn(t−t0)] (A7)

in terms of the reservoir modes.
The next step is to generalize the model of discrete oscil-

lation modes in Eq. (A2) to a continuum one, which is
similar to those in Eqs. (2) and (3). The memory function
then becomes

γ (t − t′) =
∑

n

κ2
n cos[ωn(t − t′)]

→
∫ ∞

0
cos[ω(t − t′)]J (ω)

dn(ω)

dω
dω, (A8)

where J (ω) is a continuum distribution of the coupling,
and n(ω) the occupation of the modes at the frequency ω.
The derived dynamical equations, Eq. (A5), from the reser-
voir model reduces to the actual ones in Eq. (A1) only after
imposing the relation

J (ω)
dn(ω)

dω
= 2γm

πωm
(A9)

on the continuum noise spectrum, so that the memory
function reduces to

γ (t − t′) =
∫ ∞

0

2γm

πωm
cos[ω(t − t′)]dω

= 2γm

ωm
δ(t − t′). (A10)
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In Eq. (A5) the integral
∫ t

0 dτδ(t − τ)f (τ ) = 1
2 f (t) is

applied to have the equations reduced to Eq. (A1).
With the thermal noise operator in Eq. (A7) one can

directly find the expectation value of the commutator with
respect to the reservoir state ρr:

〈[ζ̂m(t), ζ̂m(t′)]〉R = i
d
dt

γ (t − t′)

= −i
2γm

πωm

∫ ∞

0
ω sin[ω(t − t′)]dω

≡ 
(t − t′), (A11)

as well as that of the anticommutator:

〈{ζ̂m(t)ζ̂m(t′) + ζ̂m(t′)ζ̂m(t)}〉R

= 2
∫ ∞

0
ωJ (ω)

dn
dω

[
N (ω) + 1

2

]
cos[ω(t − t′)]dω

= 2γm

πωm

∫ ∞

0
ω coth

(
�ω

2kBT

)
cos[ω(t − t′)]dω

≡ 
1(t − t′), (A12)

where

N (ωn) = 〈â†
nân〉R = 1

exp
(

�ωn

kBT

)
− 1

.

Here we extend from the discrete to the continuum model
and impose the requirement on the continuum spectrum as
in Eq. (A9). These two correlations can be combined to
have

〈ζ̂m(t)ζ̂m(t′)〉R = 1
2

[

1(t − t′) + 
(t − t′)

]

= γm

ωm

∫ ∞

−∞

dω

2π
e−iω(t−t′)ω

×
[

coth
(

�ω

2kBT

)
+ 1

]
. (A13)

In the high-temperature limit one has 2kBT � �ω for all
relevant frequency ω in the noise spectrum (at T = 10 K,
for example, kBT/h ∼ 1011 Hz), and then there is the
approximation

1
2
〈{ζ̂m(t)ζ̂m(t′) + ζ̂m(t′)ζ̂m(t)}〉R

≈ 2γmkBT
�ωm

1
π

∫ ∞

0
dω cos[ω(t − t′)]

= 2γmkBT
�ωm

δ(t − t′) (A14)

for the thermal noise [see, e.g., [23] or Eq. (3.463) in Ref.
[72] ].

Beyond the above approximation, one can directly
demonstrate how the correlation function approaches to
the one like a delta function in the high-temperature limit.
Because the function 
1(t − t′) in Eq. (A12) diverges at
t = t′, we introduce a convergence factor λ to rewrite

1(t − t′) as [35]

〈{ζ̂m(t)ζ̂m(t′) + ζ̂m(t′)ζ̂m(t)}〉R

= 2γm

πωm

∫ ∞

0

[
ω coth

(
�ω

2kBT

)
− ω

]
cos[ω(t − t′)]dω

+ γm

πωm

∫ ∞

−∞
|ω|eiω(t−t′)e−λωdω

= 2γm

πωm

{
−

(
πkBT

�

)2

cosech2
[
πkBT

�
(t − t′)

]

+ 1
(t − t′)2

}
+ 2γm

πωm

λ2 − (t − t′)2

[λ2 − (t − t′)2]2 . (A15)

The two pieces proportional to the constant 2γm/(πωm)

converge at t = t′, respectively. When λ → 0, the above
correlation is

〈{ζ̂m(t)ζ̂m(t′) + ζ̂m(t′)ζ̂m(t)}〉R

= − 2γm

πωm

(
πkBT

�

)2

cosech2
[
πkBT

�
(t − t′)

]
.

≈ −8πγm(kBT)2

�2ωm
exp

{
−2πkBT

�
|t − t′|

}
(A16)

as |t − t′| → ∞. Then there naturally arises a thermal cor-
relation time �/(2πkBT). By choosing the convergence
factor λ to be this thermal correlation time, we plot the
correlation function in Eq. (A15) for some different envi-
ronmental temperatures in Fig. 10. It shows that, as the

FIG. 10. Correlation functions of the thermal noise at differ-
ent temperatures. The functions are calculated with the form in
Eq. (A15) divided by the factor 2γm/(πωm). The convergence
factor is chosen as λ = �/(2πkBT).
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FIG. 11. Comparison of the optomechanical entanglement
evolutions under the colored (non-Markovian) and the white
(Markovian) mechanical noises, which are calculated in the limit
ωm/κ → ∞. The evolutions take place at room temperature, and
the system parameters are chosen to be gmE/ωm = 2.5κ and
γm = 5 × 10−4κ .

temperature goes up, the peak value of the correlation func-
tion at t = t′ grows up tremendously, and it also drops to
zero quickly at a tiny nonzero |t − t′|. This provides an
evidence for the validity of the white-noise approximation
(with the delta-function correlation) at high temperature.

In Fig. 11 we also provide an example for comparing
the evolutions of optomechanical entanglement under a
colored mechanical noise with the non-Markovian correla-
tion (A13) and the corresponding white mechanical noise
with the Markovian correlation (A14). The system is oper-
ated in the highly resolved sideband limit to have a clean
squeezing-type coupling between the cavity field and the
mechanical resonator. The numerical simulation based on
the correlation in Eq. (A13) shows no big difference of the
evolution under the colored noise from the one influenced
by the approximated white noise. Moreover, to the genera-
tion of entanglement, the non-Markovian or colored noise
is seen to be a bit less harmful. It could be explained with
its lower power, because the corresponding white noise
distributes independently of the frequency and thus exerts
equal force at each frequency.
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