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Abstract
The real-time phase tracking has a large number of applications in the precise 
measurement of various physical parameters. The classical limit of fiber phase 
tracking has been realized with homodyne detection under a low photon flux (typi-
cally ~ 106 s−1). However, it is still difficult to approach the coherent state limit when 
measuring a weak phase fluctuation in real time by using a larger photon flux. In this 
work, we propose a fiber Mach–Zehnder system and experimentally demonstrate a 
nearly quantum-limited phase tracking with mean photon numbers of ∼ 3.7 × 1010 
s−1. In the experiment, the input state is a continuous-mode coherent state and an 
adaptive Kalman filter is used to construct a phase-locked loop. We effectively track 
a very weak random phase varying between  − 0.07 and + 0.07 radians, and the mini-
mum mean-squared error is optimized to 2.5 × 10−5 which approaches the coherent 
state limit. Our method has potentially applications for fiber-based real-time sensing 
and measurements.

1  Introduction

An important task in quantum metrology is the estimation of phases in optical dynam-
ics [1–12], the most compelling application being gravitational-wave detection [13–17]. 
For the measurements of constant phases, given N separated photons, the sensitivity of 
an optical measurement device scales as 1∕

√
N (i.e., shot-noise limit). Furthermore, 

the phase precision can be enhanced by using quantum lights [18–25]. Caves in 1981 

 *	 Yong Zhang 
	 zhangyong@nju.edu.cn

1	 Department of Physics, Nanjing Tech University, Nanjing 211816, China
2	 National Laboratory of Solid State Microstructures, College of Engineering and Applied 

Sciences, and School of Physics, Nanjing University, Nanjing 210093, China
3	 Department of Physics, University of Arkansas, Fayetteville, AR 72701, USA

http://orcid.org/0000-0003-3196-5414
http://crossmark.crossref.org/dialog/?doi=10.1007/s11128-021-03097-x&domain=pdf


	 F. Liu et al.

1 3

164  Page 2 of 11

initially proposed using squeezed-vacuum light to reach a sub-shot-noise sensitivity 
in a Mach–Zehnder interferometer (MZI) [1]. The first precision phase measurement 
using a MZI beyond the shot-noise limit was realized in 1987 [2]. Later, the phase pre-
cision of the interferometer was pushed to reach the Heisenberg limit [24, 25].

In many applications, e.g., atomic clocks, magnetometers and gravitational-
wave detectors, the parameter that one wishes to measure varies in time [26–30]. 
For example, when estimating a stochastically varying phase, the central statistical 
problem is an estimation of the waveform [31–35]. The quantum Cramer-Rao bound 
imposes the fundamental limit to such waveform estimations [36–38]. In linear 
Gaussian model, Kalman filters (KFs) are optimized with minimum mean-squared 
error (MSE) for fast and causal estimations, which provide a full statistical descrip-
tion of the waveform [39]. To date, KFs have been experimentally implemented in 
various optical sensors to estimate the phase of a light beam [40–44]. Particularly, 
the combination of KFs with fiber interferometer has unique advantages, such as 
compact size, ease of deployment, immunity to electromagnetic disturbance, and 
long-distance sensing. Fiber-sensing systems have been widely deployed for strain, 
sound, and acceleration measurements in various environments [45–50]. However, 
the previous experiments demonstrate the quantum-limited phase tracking with 
homodyne detection under a low photon numbers [8, 32, 33, 44, 51]. For exam-
ple, in a fiber homodyne system, the typical photon numbers of signal-carrying 
light are ~ 106  s−1, which is limited by the requirement of a strong local light. As 
well known, the measurement precision is proportional to the used photon numbers. 
One specific example is gravitational-wave detection, in which high laser power is 
applied to measure an extremely weak signal. With such a high photon flux, the clas-
sic noise is substantial and the electronic circuit is easy to be saturated. It is neces-
sary to improve the performances of the optical and electronic systems to reach the 
limit. Similarly, it is still a great challenge to approach the theoretical limit by using 
a large photon flux in fiber MZI [33–35].

In this paper, we experimentally investigate the phase tracking of a continuous-
wave coherent state in a fiber MZI, in which the photon flux can be enhanced by 
several orders of magnitudes in comparison to previous works [33, 34]. In addition, 
we can achieve high-precision estimation of waveforms that approach the theoretical 
limit by taking advantage of KFs. In this work, we firstly in theory demonstrate that 
the minimum phase variance of the KF estimation when tracking a stochastically 
varying waveform with a coherent light input of large photon flux in the interfer-
ometer. In the experiment, with a large photon flux |�|2 ∼ 3.7 × 1010 s−1 for fiber 
interferometric detection, we effectively measure a very weak random phase varying 
between -0.07 and + 0.07 radians and the minimum MSE of the phase estimator is 
2.5×10 −5, which is close to the coherent state limit.

2 � Theory

Here, we consider continuous-wave interferometric measurements (Fig.  1). The 
setup consists of a MZI, two detectors, and a data processor. And the attempt is 
to track continuously a stochastically varying phase �(t) , by controlling the phase 
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Φ(t) in the other arm and detecting the photons in the two output beams [4]. Note 
that both beam splitters in Fig. 1 are 50/50. We inject a coherent field Â = âei𝜔0t 
at an optical carrier frequency of �

0
 and a vacuum state B̂ = b̂ei𝜔0t into the MZI, 

here â and b̂ denote annihilation operators for the input modes of the MZI. Using 
the linear operator method, we write â = 𝛼 + 𝛿â(t) and b̂ = 𝛿b̂(t) , where 𝛿â(t) and 
𝛿b̂(t) are the operator fluctuations. Using the matrix for a lossless 50/50 beam 
splitter, the output current of the balanced detector is given by

where W(t) denotes the quantum noise of the output current, modeled here as inde-
pendent white Gaussian noise and satisfying 〈dW(t)dW(τ)〉 = δ(t − τ)(dt)2. Usually, 
to achieve maximal measurement sensitivity for phase tracking, the relative phase 
of the two arms in MZI is taken to be Φ(t) = �f (t) +

�

2
 , with �f (t) being the filtered 

estimate of �(t) . When the phase-locked loop functions well, �f (t) should be the 
real-time optimal estimate of �(t) and the normalized current signal becomes

Considering that the random signal derives from an Ornstein–Uhlenbeck (OU) 
process, the stochastic waveform �(t) is defined by

where � denotes the bandwidth of phase noise �(t) , �∕2� the mean square variation 
of Φ(t), and dV(t) the classical Wiener increment satisfying 〈dV(t)dV(�)〉 = δ(t − �)
(dt)2.

(1)I(t) = |�|2 cos (�(t) − Φ(t)) + |�|dW(t)

dt

(2)�(t) = �(t) − �f (t) +
dW(t)

|�|dt

(3)
d�(t)

dt
= −��(t) +

√
�
dV(t)

dt

Fig. 1   The theoretical scheme for adaptive measurement in a MZ interferometer. The random phase �(t) 
is imposed on a coherent state carried by one arm of the MZI. D1 and D2 are photodetectors. I(t) is the 
photocurrent difference between the two outputs. The Kalman filter consists of an integrator (1/s) with a 
Kalman gain ( Γ ). The filter adjusts the phase of the arm labeled by Φ(t) based on I (t)
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For time-continuous and linear Gaussian systems, the optimal estimator mini-
mizing the MSE is provided by a Kalman-Bucy filter [52, 53], which satisfies the 
formula

where Γ denotes the Kalman gain defined by Γ = |�|2σ2(t) , with 
�2(t) =

(
�(t) − �f (t)

)2 the MSE of the estimation. Solving Eq.  (4) yields the 
estimator

Here, we find the feedback phase changes with the Kalman gain. The Kalman-
Bucy filter tells us how to obtain the minimal MSE, i.e., the optimal estimator. Note 
that �2(t) satisfies the equation

In the steady state, Eq.  (6) can be solved analytically to obtain the steady-state 
value

In the condition of |𝛼|2 ≫ 𝜆2 , we can get �2

s
(t) ∼

√
�

|�|2  . Note that, from the esti-
mate �f (t) , the phase of the local beam is adjusted adaptively using the feedback 
loop at the working point (Fig. 1). The optimal phase estimate is realized based on 
the obtained photodetector current processed by an integrator with a proportional 
gain. In a homodyne detection system with squeezed light, the minimum MSE of 

phase estimate is given as �2

s
(t) ∼

√
�Rsq

4|�|2  , where Rsq ≈ e−2rm with rm being the 
squeezing parameter of input phase-squeezed state [8]. When using a -10 dB phase 
squeezing light, the MSE is �2

s
(t) =

√
�

40|�|2  . In comparison, if using the 
Mach–Zehnder detection with coherent state in this work, the same MSE can be eas-
ily reached via increasing the photon flux by 40 times.

3 � Experimental setup

Figure 2 shows our experimental setup. The MZI is illuminated by a continuous-
wave Nd:YAG laser with a wavelength of 1064 nm. The laser beam has a narrow 
linewidth and low power fluctuations. At the beam output, an optical isolator is used 
to avoid optical feedback. The light is next coupled into a polarization-maintaining 

(4)
d�f (t)

dt
= −��f (t) + Γ�(t)

(5)�f (t) = Γ
t

∫
−∞

e−�(t−s)�(s)ds

(6)d�2(t)

dt
= −2��2(t) − |�|2�4(t) + �

(7)�2

s
(t) =

�

���2
⎛⎜⎜⎝

�
1 +

����2
�2

− 1

⎞⎟⎟⎠
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fiber with 80% coupling efficiency. Before inputting into the MZI, the light is 
amplitude-modulated at 2.5 MHz using a waveguide EOM (waveguide modulator, 
EOspace) with a half-wave voltage of 3.5 V. This is a modulation technique for low-
frequency phase measurement with a high signal-to-noise ratio, which effectively 
avoid low-frequency detection noise and to allow shot-noise-limited phase measure-
ments at low frequencies [21]. The fiber MZI (Fig. 2) is based on two 2 × 2 polar-
ization-maintaining fiber couplers where the coupling ratios are 50/50. In the fiber 
arms, optical phase modulators (EOM2 and EOM3) are used to sense and track the 
phase varying at high rates. The fiber phase shifters PS1 driven by a piezoelectric 
transducer (PZT) (with half-wave voltages of 11 V at 1064 nm) is used to control the 
relative phase at low frequencies. Because it is critical to match the optical loss of 
fiber arms, fiber phase shifters PS2 is applied to balance the optical losses resulted 
from PS1, where loss difference of phase shifters is less than 0.1 dB. In our experi-
ment, all the optical components in the system (Fig. 2) are polarization-maintaining 
fiber devices. Finally, the interference visibility is 99% and common-mode rejection 
ration is 40 dB.

In the estimation experiments, the stochastic phase signal satisfied Eq. (3) is gen-
erated as following. A white Gaussian noise with 50 MHz bandwidth comes from 
digital signal generator (AFG3025, Tektronix) and passes a 1st-order low-pass filter 
with a cut-off frequency of �∕2� = 3 kHz, then sends to EOM2. Due to the EOM 
working in its linear response range, the optical phase in one fiber arm will vary 
with an OU process consequently.

At the MZI output ports, the interference signal is detected by a balanced photon 
detector (BPD), which includes two InGaAs photodiodes (ETX500, JDS Uniphase 
Corporation) with the detector quantum efficiency of 90%. The dark noise of BPD is 
20  dB below the vacuum noise with input optical power of 2.5 mW. Its low-fre-
quency component (dc-100 Hz) is sent to a slow feedback loop to isolate the system 
from environmental disturbances, which stabilizes the relative phase φ of the two 
MZI arms at π/2 for maximum sensitivity. Meanwhile, the high-frequency 

Fig. 2   The experimental setup for optical phase tracking of a random signal. The system consists of a 
fiber MZI, a low-noise balanced photon detector, a wide-bandwidth lock-in amplifier, and a Kalman filter 
for phase estimating. EOM: electro-optic modulator; 50/50: 50/50 fiber coupler; PS: fiber phase shifter; 
BPD: balanced photodetector; Lock-in: lock-in amplifier; KF, Kalman filter; P, proportion controller; HV 
amp: high-voltage amplifier
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component (> 1 MHz) is sent to a second phase-locked loop for the phase tracking. 
The output of BPD is demodulated by a Lock-in amplifier (HF2LI, Zurich Instru-
ments), then the output current I(t) of MZI is measured. Next the implementation of 
the Kalman-Bucy filter will be discussed in detail. The theory of Kalman-Bucy filter 
provides the optimal estimator minimizing the MSE and the corresponding esti-
mated phase when tracking an OU random signal. Given by Eq.  (5) the feedback 
phase �f (t) = Γ

t

∫
−∞

e−�(t−s)�(s)ds , the Kalman filter can be constructed by a 1st-order 
low-pass filter and a proportion controller, where the cutoff frequency is set as 3 kHz 
and the Kalman gain Γ is adjusted by the proportion controller. Specifically, we need 
to sweep the Kalman gain Γ to obtain the minimal MSE. Now the phase estimation 
term is generated and stored as an estimated phase Φ′(t) for the next analysis. To 
study the performance of KF filter, the MZI output current I(t), applied OU wave-
form �(t) and KF estimated phase �f (t) are recorded by a signal oscilloscope with a 
sampling rate of 350 MHz (MSO-X 3034 T, KEYSIGHT).

4 � Results and discussion

To study the performance of the phase tracking system, we implement a Kalman 
filter to construct the estimator in the fiber MZI. The applied Ornstein–Uhlenbeck 
waveform �(t) and the Kalman filter estimates �f (t) are recorded by an oscilloscope 
in Fig. 3, where the random phase varies between  − 0.07 and + 0.07 radians with a 
recorded time of 5 ms. During the tracking process, the filter tracks are well moni-
tored with little time delay when the random phase varies in real time. Meanwhile, 
the output current of the interferometer is kept near the zero point, indicating that 
the relative phase between the two arms is well maintained at the working point of 
π/2. In the experiment, the amplitude |α|2 of the coherent beam, the amplitude factor 
κ of the phase variance, and phase noise bandwidth λ are 3.1 × 1010 s−1, 14 rad/s, and 
1.89 × 104 rad/s, respectively. We remark that the photon flux includes only the side-
band modes because the carrier is removed after demodulation by lock-in amplifier.

Furthermore, to validate the performance of the KF, we investigate the MSE of 
the estimation by adjusting the input coherent light to change the photon flux |α|2. 
Figure 4 gives the measured MSE of the phase estimate as a function of the photon 
flux. The photon flux ranges 6 × 109 s−1 to 3.7 × 1010 s−1 and the values of κ and λ 
are the same as used in Fig. 3. Note that, we adjust the Kalman gain to obtain opti-
mal tracking results when changing the photon flux in the experiment. The red solid 
line is the coherent state limit given by adaptive Kalman filter, where minimum esti-
mated MSE is �2

s
(t) =

√
k

|�|2  and |�|2 is the total photon flux. Considering the quan-
tum efficiency of the photodetector is 90%, the black dash line gives the theoretical 
limit of the KF which is the same as the coherent state limit except the effective 
photo flux. When the corresponding photon numbers of coherent light is 
3.7 × 1010 s−1 in Fig. 4, the experimental MSE for the tracking process is 2.5 × 10−5 , 
which is quite close to the theoretical value.
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To further analyze the difference between theory and experiment, we meas-
ure the noise spectrum aided by a Fourier-frequency analyzer (Fig.  5). When 
no signals imposed to the MZI and the slow feedback loop is locked, the total 
noise floor of the system is measured and shown by gray line in Fig.  5. Then 
Ornstein–Uhlenbeck signal with a corner frequency of 3 kHz is implemented, its 
frequency response is given by green curve. In the next, the feedback loop of 
the fiber MZI is locked on and the performance of Kalman filter is analyzed. In 
the range from 80 Hz to 5 kHz, the frequency response of the KF estimator well 
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Fig. 3   Time traces of the OU random signal with a 3 kHz bandwidth and the corresponding estimation 
result. The amplitude |α|2 of the coherent beam is 3.1 × 1010 s−1, the amplitude factor κ of the phase vari-
ance is 14 rad∕s , and filter bandwidth is λ 1.89 × 104 rad/s
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coincides with the random phase signal. At frequencies of about several tens of 
hertz, the total noise floor of the system is pretty large with no clear quantum-
limited characteristics because of the vibration noise and the optical power noise 
of the laser beam. At around 10 kHz, being limited by the gain bandwidth prod-
uct of the estimator loop, there is a slight discrepancy between the KF estima-
tor and the input OU signal. For low-frequency measurements, our methods in 
which the local oscillator field is amplitude-modulated in the MHz range and is 
then demodulated can effectively mitigate both electronic and optical noise in the 
kilohertz frequency range. However, further laser power stabilization and vibra-
tion isolation will be needed to achieve quantum-limited phase measurement at 
frequencies below 100 Hz.

5 � Conclusions

We have proposed and experimentally demonstrated high-precision estimation of a 
time-varying phase in a fiber MZ interferometer scheme. Under a larger photon flux 
|�|2 ∼ 3.7 × 1010 s−1, a very weak random phase varying between  − 0.07 and + 0.07 
radians is estimated and the MSE of the phase estimator is optimized to 2.5 × 10−5 , 
which approaches the coherent state limit. Compared with adaptive homodyne 
detection, our MZI system could significantly improve the MSE limit of estimators 
by employing high mean photon numbers. Our method can be further extended to 
quantum-enhanced phase tracking [54], which has potentially applications for fiber-
based real-time sensing and measurements.
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Fig. 5   Noise spectrum analyzation. The green curve shows the frequency response to Ornstein–Uhlen-
beck signal with a corner frequency of 3 kHz. The respective tracked spectrum is plotted in blue line. 
The gray line gives the total noise floor of the system without OU signal. Here, the |α|2, κ and λ are 
1.9 × 1010 s−1, 14 rad∕s , and 1.89 × 104 rad/s, respectively (Color figure online)
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